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PREFACE. 



The Geometry of Conies has been recast in the Third 
Edition, so as to serve as an introduction to a larger work 
now approaching completion. 

The characteristic feature of the edition is the use of 
the Eccentric Circle, which contributes to a concise and 
uniform treatment of the three species of conies. 

The Asymptotes of the hyperbola are shewn to be coin- 
cident with its self-conjugate diameters, and their properties 
are deduced from a limiting case of a property of conjugate 
diameters in general. 

The principle that Chord-properties should be proved 
independently of Tangent-properties is still adhered to, 
although in the general rearrangement of the text it 
seemed no longer desirable to confine the two classes of 
properties to separate chapters. 



VI PREFACE. 

The work now to some extent resembles my first 
work on GeoTnetrical Conies, published in 1863; but the 
general chapter has been made more complete than I was 
then able to make it. 

C. TAYLOR. 



St Johk'b Colleob, 
October, 1879. 
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THE GEOMETKY OF CONICS. 



INTEODUCTION. 

We shall have occasion in the course of the work to 
assume the following 

LEMMAS. 

A. To prove geometrically that 

{a + by-^ia-by^Aab. 

If four rectangles whose sides are equal to a and b be 
fitted symmetrically about the square on a ~ 6, the whole 
figure will make up the square on a + 6. 



or 



Therefore 



T. G. 



{a + by==:(a-'by + 4:ab, 



"V 



2 INTRODUCTION. 

The same is proved in Euclid ii. 8, but by an unsym- 
metrical construction which shews only a gnomon of equal 
area instead of the four rectangles. 

In illustration of the above, let P^ be any straight line 
bisected in 0, and let Y be any point in P^ produced (figure 
Art. 13) ; then 

PY'^QY'^ {0Y+ opy^ (OF- opy 

= 40r. 0P=20Y.PQ*. 

B. The distance of any point in a straight line from 
the middle point of the line is half the sum or difference of its 
distances from the extremities of the line. 

For let mM be any straight line and L its middle point. 
And first let a point JR be taken in mM produced. Then 



or 



or 



RL - RM-^\ mM=Rm-RL, 
RL = i {RM+ Rm). 

Next let a point ^be taken within mM. Then 

FM-NL:=^mM=^Nm + NL, 

NL-=^i{NM-Nm). 

ft 




C. The ordinate of the middle point of a straight line is 
equal to half the sum or difference of the ordinates of its 
extremities. 

From the extremities of a straight line Qq and from its 
middle point let parallels QM, qm, OL be drawn to meet 

♦ Otherwise thus. Since PF+gF=20F (Lemma B), and Pr-gr=PQ; 
therefore (Euc. ii. 6, Cor.) Pr«-gr«=20r.Pg. 
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any other given straight line ; and let these parallels be 
caUed the o,-dimte8 of the points from which they are drawn. 

Draw giT parallel to mM to. meet QM. Then, since qK 
cuts off! from OL a length equal to j^QK,. therefore 

or OL=^i{QM + qm). 

If the line mM had been drawn so as to divide Qq inter- 
nally, it would have appeared in like manner that 

OL = i{QM-qm). 

D, The sum of the squares of the distances of any point 
from the extremities of any straight line is double of tiie sum 
of the squares of its distance from the middle point of the 
line and of half the line. 

For if Sff be the given straight line, P the given point, 
PJVa perpendicular to S8\ and G the middle point ot8S\ 

then 81^^08' + 01^ + 2CS.cn, 

and 8'!^ = C8'^CP'^2C8' . CNy 

therefore by addition, since 08' is equal to C8, 

E. To divide a given straight line in a given ratio of 
mxijority or of minority, 

A ratio is said to be a ratio of equality, majority or 
minority according as it is equal to unity, or greater or less 
than unity. 

(i) First let 8X be the given straight line, which is to 
be divided in a given ratio of majority. Draw 8H in any 
direction, and produce it to K, so that 8H : HK may be 
equal to the given ratio. Join KX, and draw HA parallel 
to KX to meet 8X in A. Then since 

8 A : AX=8H : HK^ [Euc. vi. 2. 

the point A divides 8X internally in the given ratio. 
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Upon H8 take EK' equal to EK. Join -K'X and draw 
EA* parallel to it to meet 8X produced in A\ Then 

SA' : AX^SE : EK^SE : EK, 
or the point A' divides SX externally in the given ratio. 




In this case the points A and A will always lie on the 
same side of S, because K and K' lie on the same side of 8, 

(ii) Next let X8 be the given line, which is to be 
divided from the end X in a given ratio of minority, viz. 
that of EK to E8, Using the same lines of construction as 
before, we determine the two points of division A and A\ 
which must always lie on opposite sides of X, because K and 
K lie on opposite sides of Ja, 

It is evident that there is only one point at a finite 
distance which bisects a straight line, or divides it in a ratio 
of equality, 

F. To divide a straight line in a ratio less than a given 
ratio. 

In the second case of Lemma E take a point N at random 
between A and A ; and (supposing for example that N lies 
between X and A') join NE, and draw XL parallel to it to 
meet EK' in L. Then 

XN : N8=LE : E8 <K'E : E8, 

<'XA\:AS,. 
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Hence any point HF between A and A' divides X8 in a 
ratio less than the ratio of minority XA : AS, as was to be 
done ; and it may be seen that no other point so divides the 
given line XS, 

If SX be the line to be divided from the end fif in a ratio 
less than the ratio of majority SA : AX, it may be shewn 
similai'ly that the point of division is to be taken in AA' 
produced either way, and not between A and A\ 

G. Harmonic section of a straight line. 

If a straight line SX be divided internally and externally 
in the same ratio at A and -4' so that 

8A' : A'X^SA : AX; 
then SA' : SA = A'X : AX 

= SA'^SX : SX'-SA, 

or SA', SX, SA are in harmonic progression. 

Hence SX is said to be divided harmonically at A and A\ 



DEFINITIONS. 



[Fwrtker de/mitions mU be given at the beginnings of the chapters, <zs 

occasion arises.} 

1. A Conic Section*, or briefly a Conic, is the curve 
traced in a plane by a point which moves in such a way that 
its distance from a given point is in a constant ratio to its 
distance from a given straight line. The given point is called 
the Focus, the given straight line the Directrix, and the con- 
stant ratio the Eccentricity of the conic. 

If S be the focus, P any point on the conic and PM the 
perpendicular from it to the directrix, the ratio of 8P to PM 
is constant. If P" be any other point on the conic, and P'M' 
the perpendicular from it to the directrix, then 



or 



8Pi PM^SF : FM\ 
SP : SF^PM: FM\ 




Let us now take a particular case, and suppose the direc- 
trix to be at an infinite distance from the focus. In this case 
PM : FM' is a ratio of equality, and therefore SP : 8F is 

* The conio sections were so called because ihey are the onrves in which 
a plane can be made to intersect a cone, as will be shewn in the seventh 
chapter. 
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a ratio of equality. That is to say, 8P is always equal to 
/SP, and the locus of P' is a circle. Thus it appears that our 
definition of a conic is an extension of the definition of a 
circle. 

2. A conic is called a Parabola, an Ellipse, or a Hyper- 
bola, according as its eccentricity is a ratio of equality, of 
minority, or of majority. 

3. The Aocis is the unlimited straight line through the 
focus at right angles to the directrix, and the points in which 
it meets the conic are called the Vertices. When one vertex 
only is spoken of the vertex which lies between the focus and 
the directrix is signified. 

It is evident from Lemma E that the parabola has only 
one vertex at a finite distance, and that the ellipse and the 
hyperbola have each two vertices. 

4. The middle point of the line joining the vertices is 
called the Centre of the conic. The ellipse and the hyper- 
bola are called Central Conies, in contrast with the parabola 
which has no centre at a finite distance. The straight line 
through the centre at right angles to the axis is called the 
Conjugate Axis. 

5. A Chord of a conic is properly the finite straight line 
joining any two points on the curve ; but the term is also 
used to denote the unlimited straight line joining any two 
points on the curve. The extremities of a chord are the 
points in which it meets the conic. 

6. The Latus Rectv/nt is the focal chord, or chord through 
the focus, at right angles to the axis. 

7. A Diameter is the locus of the middle points of a 
system of parallel chords: it will be proved that the diame- 
ters of conies are straight lines. One diameter is said to be 
conjugate to another when it bisects chords parallel thereto. 

8. The Principal Ordinate, or briefly the Ordinate, of 
any point is the perpendicular drawn from it to the axis. 
More generally, the ordinate of any point to any diameter is 
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the line drawn from the point to that diameter in the direc- 
tion parallel to the conjugate diameter. 

9. A Tangent to a conic is the limiting position of a 
chord or secant whose two points of intersection with the 
curve have become coincident. Thus if P and Q be adjacent 
points on a conic, and if the chord joining them be turned 
round P, or be moved about in any other way, until its ex- 
tremity Q coincides with P, the chord in its limiting position 
becomes the tangent at P. Hence a tangent is said to be a 
straight line which passes through ivfo consecutive ox coinci- 
dent points on the curve. 

The chord of contact of two tangents is the chord joining 
their points of contact. 

10. The Normal at any point of a conic is the perpen- 
dicular to the tangent at that point. 

11. If about any point in the plane of a conic other than 
the centre of the conic a circle be described, such that the 
ratio of its radius to the perpendicular distance of its centre 
from the directrix is equal to the eccentricity, the circle may 
be called the eccentric circle of the conic with respect to that 
point, or briefly the Eccentric Circle of the Point 

12. The Order or Degree of a curve is determined by the 
number of points in which it can be met by a straight line. 
Thus a curve of the second order or degree is one which a 
straight line meets generally in two and never, in more than 
two points. 



CHAPTER I. 



DESCRIPTION OF THE CURVE. 



1. Having given the focus ^ directrix and eccentricity of a 
ccmic, it is required to describe the curve. 

Let S be the focus*, MM' the directrix, and X the point 
in which the axis meets the directrix. In 8X take the point 
A so that the ratio of SA to AX may be equal to the eccen- 
tricity (Lemma E). Then A is the vertex of the conic. 

Draw a straight line cutting the axis at right angles in 
N; and let P and P' be the points in which the line meets 




* The planets describe approximately ellipses abont the sun in one 
focus. For this reason the first letter of Sol is used, as by Newton, to 
denote the Focus, or as he called it the Umbilicus. We shall use the letters 
8, A, X as above without further explanation, so that SA : AX will always 
denote the eccentricity. 
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the circle described with 8 as centre and radius 8P, such 
that 

8P : NX=SA : AX. 

Draw PM perpendicular to the directrix. Then 

SP : PM= SP : iVZ= 8A : AX, 

or P is a point on the conic. In like manner it may be 
shewn that J*' is a point on the conic. 

If now we suppose the chord PP to slide at right angles 
to the axis, so as to assume all possible positions, its extremi- 
ties will trace out the complete curve. 

2. The three species of conies. 

In order that the line and the circle in the above con- 
struction may intersect, the length SK must be less than the 
radius SP, or 

81^ : NX<8A : AX. 

In the case of the Parabola we must have 8If<NX, 
The point JV may therefore be taken anywhere in XA pro- 
duced/and the curve consists of one infinite branch spreading 
out from the vertex and away from the directrix. 

In the Ellipse, if A' be the second vertex, the point N 
may be taken anywhere between A and A' (Lemma F), and 
the curve consists of one oval branch (fig. Art. 5) lying on the 
same side of the directrix with the focus. 

In the Hyperbola, if A' be the second vertex, the point 
JV may be taken anywhere in A A' produced (Lemma F), 
and the curve consists of two infinite branches on opposite ■ 
sides of the directrix, placed back to back, as in Figure 4. 

3. The symmetry of the cv/rve. 

• 

From the foregoing construction it is evident that the 
curve is symmetrical with respect to its axis, since its points 
are always determined in pairs as P and P' in corresponding 
positions above and below the axis, so that the part of the 
curve below the axis is the accurate reflexion of the part 
above the axis. 
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It follows also that the tangent at A is at right angles to 
the axis, since when the point N coincides with the vertex, 
SP= 8 A = 8F\ that is to say, the points P and F coalesce 
at Ay and the chord joining them,. which is always at right 
angles to the axis, becomes the tangent to the conic at its 
vertex (Def. 9). 

4. The focal distance of any point on a conic is in a 
constant ratio to the dista/nce of the point from the directrix 
measured parallel to any fixed straight line which meets the 
directrix. 

From any two points P and P' on the conic draw PR 
and PR in any fixed direction to meet the directrix, and 
draw PJIf and rM perpendicular to the directrix. 



Then SP : PM 

and PM : PR 

by similar triangles. 



: SP : FM\ 
PM: FR\ 



[Def. 1, 




Therefore 



fifP: PR^SF : FR, 



or (since we may consider F and PR' to remain fixed whilst 
P varies) the focal distance SP varies as the distance PR to 
the directrix measured in any given direction. 

Conversely, every point P which satisfies the above 
relation is a point on the conic. 

Notice in particular that if any chord PQ meet the 
directrix in R, 

8P :PR = 8Q : QR. 
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6. A conic is a curve of the second order. 

Let a straight line drawn in any direction cut the conic in 
Pand meet the directrix in M, Make the angle MSB equal 
to MSPf and let the line 8R produced either way meet MP 
in Q. 

Then, by Euclid VL A or 3, since SM bisects the angle 
P8B or its supplenaent, 

8Q : SP^ QM : PM, 

SQ :QM=8P : PM; 



or 




and therefore Q is a point on the curve (Art. 4) ; and it is 
evident that no third point of intersection of the line PQ 
with the conic can be determined. 

It follows that a straight line which meets a conic will in 
general meet it in two points, and never in more than two. 
A conic is therefore a curve of the second order or degree 
(Def. 12). 

If PM be supposed parallel to the axis and equal to 8P, 
the line R8 will likewise be parallel to the axis. Hence 
every straight line MP drawn parallel to the axis of a 
Parabola meets the curve in one point only. 

6. To describe a conic of given focus, directrix and eccen- 
tricity by means of the eccentric circle of any assumed point. 

Describe the eccentric circle of any point 0* in the 

* Let SL he the semi-latas reotnm, and let the ordinate of meet the 
axis in 2V and -XL in jr. Then Binee KN: OD=KN:NX=SL:SX=SA:AX, 
the radius of the circle must be taken equal to KN, 
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plane of the conic (Def. 11), and let a straight line through S 
meet the circle in p and the directrix in E, 

Let the focal radius parallel to ^0 meet BO in P, and 
let OD and PM be perpendiculars to the directrix. 

Then since 8P, pO and PM, OD are parallels, 

SP : Op--PR : OB 

=-PM : OD, 

or SP:PM=Op : OD 

= the eccentricity. 




Hence, as p moves round the circle, P traces the conic 
which was to be described. 

Conversely, if any point be taken on a chord PQ of a 
conic, the eccentric circle of will meet SB (drawn to the 
point of concourse jR of the chord with the directrix) in 
points p and q lying upon radii parallel to SP and SQ. 



CHAPTER II. 



THE GENERAL CONIC. 



We shall commence by proving some of the principal 
properties which are common to the parabola, the ellipse 
and the hyperbola. 



The- Tangent. 



PROPOSITION I. 



7. Each of the two tangents which can be drawn to a 
conic from any point on its directrix subtends a right angle 
at the focus. 

Let P and Q be adjacent points on the curve, and let 
PQ produced meet the directrix in R. Then it may be 
shewn (Art. 4) that 

BP: SQ^PR : QR-, 
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and therefore SB bisects the angle which SQ makes with PS 
produced. [Euc. VI. A. 

Let PS meet the curve again in 0. Then since the 
angles R8Q and R80 are always equal, therefore in the 
limit, when Q coalesces with P, each of them becomes a 
right angle, and RP, which becomes the tangent at P (Def. 
9) subtends a right angle at S. In like manner it may be 
shewn that RO, which is the tangent at 0, subtends a right 
angle at S. 

Corollary. 

Hence it appears that the tangents at the extremities of 
any focal chord OP meet at a point jR lying on the directrix, 
and such that SB is at right angles to OP. Conversely, if 
tangents be drawn to a conic from any point jR on the direc- 
trix their chord of contact will be the focal chord at right 
angles to /SB. The tangents at the extremities of the latus 
rectum meet at X 

PROPOSITION n. 

8. If from any point 1? on the tangent at P there be 
drawn perpendiculars TL and TN to SP and the directrix, 
the ratio of SL to TN will he constant and equal to the 
eccentricity: 

For if the tangent at P meet the directrix in B, and if 
PM be a perpendicular to the directrix, then since SR is at 
right angles to SP (Prop. I.) and is therefore parallel to TL^ 
it follows that 

SL : SP= TR : PR 
^TN:PM. 
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Therefore 
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SL : TN=-8P : PM 

= 8 A : AX. 



The line 8L is equal to the radius of the eccentric circle 
otT. 

Corollary. 

To draw a pair of tangents to a conic from a given ex- 
ternal point T, with 8 as centre describe a circle equal to 
the eccentric circle of T, and draw the tangents TL and TM 
to the circle ; then by the converse of the proposition 8L 
and SM will pass through the points of contact of the 
required tangents. Draw 8R at right angles to 8L to meet the 
directrix in R ; then TR is one of the two tangents. Draw 
8R' at right angles to 8M to meet the directrix in R ; then 
TR is the second tangent from T, 

PROPOSITION in. 

9. The two tangents which can he drawn to a conic from 
any external point subtend equal or supplementary angles at 
the focus. 

For if TP and TQ be the two tangents to a conic from 
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the point % and TL, TM, TN be perpendiculars to SP, 8Q 
and the directrix, then by Prop. IL, since T lies on the tan- 
gent at P, 

8L : TN= 8A : AX; 

and since T lies on the tangent at Q, 

8M: TN=8A : AX. 

Therefore in the right-angled triangles STL and 8TM 
the side 8L is equal to BM; and the hypotenuse ST is 
common ; and therefore the angle T8L is equal to TSM. 

Now (i) if TP and TQ touch the same branch of the 
conic, the angles ■which they subtend at 8 are either equal to 
TSL and TSM (as in the above figure) or supplementary 
thereto. In either case the two tangents subtend bqxjal 
angles at 8 

But (ii) if TP and TQ touch opposite branches of a 
hyperbola (as in the next figure), so that one and one only of 




the lines SL and 8M has to be produced backwards to P or 
Q, the two tangents will subtend supplementaby angles at 8. 



PROPOSITION IV. 



10. The point of concourse of any two tangents to a conic 
and the point in which their chord of contact meets the di~ 
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rectrix lie upon a pair of focal radii which include a Hght 
angle. 

If P and Q be points on the same , branch of a conic, and 
if PQ meet the directrix in jB, then, as in Prop. I, SR bisects 




the angle which 8Q makes with PS produced ; that is to say, 
it bisects the supplement of PSQ. 

Also, if the tangents at P and Q meet in T, the line ST 
bisects the angle PSQ (Prop. ill.). 

Therefore ST and SR bisect supplementary angles, and 
are therefore at right angles to one another. 

If TPand TQ touch opposite branches of a hyperbola, 
then (completing the second figure of Art. 9) it may be 
shewn that in this case also the angle TSR is a right angle. 



The Normal. 



PROPOSITION V. 

11. The normal at any point of a conic meets the axis at 
a distance from the focus which is to the focal distance of the 
point in a constant ratio eqioal to the eccentricity. 

For if the tangent at P meet the directrix in E, the circle 
on PR as diameter will pass through S, since PSR is a right 
angle; and it will likewise pass through M, the projection of 
P upon the directrix;, and the normal at P will touch the 
circle, since it is at rigiit angles to its diameter PR, 

Let the normal meet the axis in G. 
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Then . z SPG ^ BMP, 

in the alternate segment of the circle, and 

^PSa^SPM, 
by parallels. 
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Therefore the triangles SPG and PSM are similar, and 

SG : SP^SP: PM 

^SA : AX, 

or SG varies as /SfP, as was to be proved. 

Conversely, if in AS produced there be taken a point G 
such that 

SG : SP^SA : AX, 

the line PG will be the normal at P. 

PROPOSITION VI. 

12. At any point of a conic, the projection of the normal 
(terminated by the axis) upon the focal radius is equal to the 
eemi'latus rectum. 

Let the normal at Pmeet the axis in G : draw GK per- 
pendicular to SP: and draw PiV perpendicular to the axis. 

Then by similar right-angled triangles 8KG and SNP, 

8K : SN^ SG : SP 

« SP : PM [Prop. v. 

^SP : FX. 
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Hence SP-8K iNX-SN^^SP : NX; 




that is to say, FK is to &X in a constant ratio equal to the 
eccentricity, and is therefore equal to the semi-latus rectum. 

Note that when Pis taken at an extremity of the latus 
rectum FK coalesces with the semi-latus rectum. 



Diameters. 



PROPOSITION VII. 

13. The locus of the middle points of any system of 
parallel chords of a conic is a straight line which meets the 
directrix on the straight line through the focus at right angles 
to the cliords. 

Let PQ be any one. of a system of parallel chords, Fthe 
point in which the focal perpendicular upon them meets the 
directrix, R and Y the points in which PQ meets the di- 
rectrix and /SF respectively. 

Then since 8P : PR = SQ : QR, [Art. 4. 

therefore (supposing for example that SP is greater than SQ) 

SP*-SQ* : PR'-QB^ = 8P' i PIP; 

or, subtracting SY^ from each of the first two squares, 

PP-QP : PB^-Q^^SP" : PR. 

[Euc. I. 47. 
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But if be the middle point of P Q, 
and similarly, PIP - QiJ» = 2 Oi2 . PQ. 

V 



[Lemma A. 




A s 

Hence OY : 0It = 8P^ : PR^ 

which (Art. 4) is a constant ratio so long as PQ is drawn in a 
specified direction. 

Hence if any other chord l)e drawn parallel to PQ, and 
if (7, Y', B! be the new positions of 0, Y, R, it follows that 

O'T : (/R'^OY : OR; 

and hence that the points 0, 0', Flie in a straight line*. 

If now we suppose the point 0' to remain fixed whilst 
PQ moves parallel to itself, the point will always lie upon 
2k fixed straight line O'V, as was to be proved. 

Corollary 1. 

The tangent at either extremity of a diameter is parallel 
to the chords which the diameter bisects, since any one of the 
bisected chords may be supposed to move parallel to itself 
until its segments vanish together and its extremities coalesce, 
so that it becomes a tangent, viz. at an extremity of the 
bisecting diameter. If a diameter meets the conic in two 

♦ For if they do Ue on a straight line, O'T : 07= OT: OV^O'BfiOR. 
The required converse, may he easily deduced hj Vkreductio ad absurdum. 
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points, the tangents at those points are parallel to the 
ordinates (De£ 8) of that diameter and to one another. 

Corollary 2. 

li PQ and pq be any two of a system of parallel chords, 
and and o be their middle points, which will lie on a 
fixed diameter, it is evident that Pp and Qq will meet at a 
point T lying on that diameter. Hence, making pq^ move 




parallel to itself until it coalesces with PQ^ so that ZjPand 
TQ become the tpngents at P and Q, we see that the tangents 
at the extremities of any chord meet upon the, diameter which 
bisects the chord; and conversely, that the diameter to any 
external point bisects the chord of contact of the two tan- 
gents from that point. 

« 

PROPOSITION VIII. 

14. Every central conic is divided symmetrically by its 
conjugate axis, and has a second focus and directrix. 

Let A A' be the transverse axis of a central conic, PQ 
any chord parallel thereto, and M the point in which PQ 
or its prolongation meets the directrix. 

Bisect PQ in 0, and draw /S'Fperpendiciilar to PQ ; then 
it may be shewn, precisely as in Prop, vil., that 

OY: OM^SP" : PM'; 
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and hence that the locus of is a straight line at right 
angles to AA\ . 




XAS 



HA W^ 




Since this straight line must also bisect AA (which is a 
limiting position of the chord FQ\ it mee'ts A A at the 
centre G of the conic, and coincides with the conjugate axis 
(Def.4). 

It is evident that this line divides the curve, into two 
parts such that each is the exact reflexion of the other; and 
hence that the curve has a second focus H and directrix NW^ 
the exact counterparts of the original focus and directrix with 
reference to which the conic was defined. 



Corollary 1. 

From the symmetry of a central conic with respect to its 
two axes, it is manifest that every chord through its centre is 
bisected at that point, and hence that all diameters pass 
through the centre. It is further evident that any two dia- 
meters or focal chords equally inclined to either axis are 
equal to one another; and that any two tangents to the conic 
from a point on either axis are likewise equal 



. Corollary 2. 

In Art. 13 let the diameter parallel to PQ meet the di- 
rectrix in V\ so that VS is at right angles to CV\ and 8 is 
the orthocentre of the triangle GVV. Hence, the diameter 
(7P bisects chords parallel to CF, or if one diameter be 
conjugate to a second, the second is conjugate to the first. 
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The Segments of Chords. 



PROPOSITION IX. 

15. The semi'latus rectum is a harmonic mean between 
the segments of any focal chord. 

Let a focal chord PQ or its prolongation meet the di- 
rectrix in R, and let PM, SX, QN be perpendiculars to the 
directrix. 

Then, since 

SP : SQ^PM : QN=PR : QR, 
therefore PR-SR :BR-QR=PR : QR, 
or PR, 8R, QR are in harmonic progression. [Lemma G. 




But by parallels, and from the definition of the curve, if 
L be used to denote the semi-latus rectum, 

PR : 8R : QR = PM : SX : QN 

= SP : L : SQ. 

Therefore also SP, L, SQ are in harmonic progression. 

Corollary, 
It is easy to deduce that 
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Hence, if pq be any other focal chord, 

PQ :pq = 8P.SQ : Sp.Sq, 

or focal chords are to one another as the rectangles contained 
by their segments. 

PROPOSITION X. 

16. A chord of a conic being divided at any point, to 
determine the rectangle contained by its segments. 

Let PQ be any chord of a conic, and any point on PQ, 
or PQ produced ; it is required to determine the magnitude 
of the rectangle OP . Q. 

Let the chord meet the directrix in R, and let OD be a 
perpendicular to the directrix. Draw the eccentric circle of 




0, and let it cut SB in p and q. Then it may be shewn that 
Op is parallel to PS and Oq to QS. [Art. 6. 



Therefore 



and 



OP : Sp=^OR : Up, 
OQ i.Sq=OR : Rq. 
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Hence OP. OQ : Sp.Sq^OIf : Bp.Rq 

^ Off: Re, 

if Rt be one of the tangents from JB to the circle * 

[Euc. m, 36. 

In this result it is to be noticed (i) that the magnitude of 
Sp . 8^ depends only upon the position of 0, since when is 
g|iven its eccentric circle is given, and Sp . Sq is constant ; and 
(ii) that the ratio Oi? : JW" depends only upon the direction 
of jPQ, since when the angle ORD is given, OR varies as 01), 
and therefore (by the definition of the eccentric circle) as Ot, 
and therefore Oli^ varies as Off -- Of, or as Rf. 

Corollary 1. 

^ If through any other point C there be drawn a chord 
P'Q' parallel to PQ, and if p' and q' be the corresponding 
positions of jo and g, viz. on the eccentric circle of 0', it fol- 
lows (since the ratio Off : Rf depends only upon the direc- 
tion of the chord) that 

OP.OQ : Sp.Sq^O'F.aQ : 8p\S^, 

where the consequents depend only upon the positions of 
and (X. If therefore any second pair of parallel chords be 
drawn through the same point, we have the general theorem 
that: 

The ratio of ike rectangles contained hy the segments of 
any two intersecting chords of a conic is tlis same as for 
any other two chords parallel to tJie former^ each to each. 

Corollary 2. 

This ratio is equal to that of the parallel focal chords (Art. 
15, Cor.) ; and in a central conic to that of the squares of 
the semi-diameters parallel to the chords ; and in the general 
conic to the ratio of the squares of any pair of tangents 

* VThen P and Q lie on Opposite bronclies of a hyperbola the point R 
falls witi^in the circle. In this case draw Rt the semichord at right angles 
to 022 in the circle, and apply Euclid ni. 85. 



THE GENERAL CONIC. 27 

parallel to the chords, Bince a taDgent is defined as a chord 
whose extremities are coincident. 

Corollary 3. 

If a circle and a conic intersect in four points^ their 
common chorda are equally inclined, in opposite pairs, to the 
axis of the conic. For if POQ and pOj be one of the three 
pairs of common chords of a circle and a conic, the rectangles 
rO . OQ and pO . Oq are as the focal chords parallel to PQ 
and pq (Cor. 2) ; and the same rectangles are equal to one 
another by a property of the circle. Therefore the focal 
^diords parallel to PQ and pq are equal, and are therefore 
equally inclined to the axis. [Art. 14, Cor. 1. 



CHAPTER III. 



THE PARABOLA. 



17. The annexed further definitions will be required in 
•the present chapter. . . 

The principal Abscissa or Absciss of any point with 
respect to a parabola is the finite segment cut ofiF from the 
axis by the principal ordinate of the point. The abscissa 
or absciss of a point to any diameter is the finite segment 
cut ojBf from it by the ordinate of the point to that dia- 
meter. [Def. 8. 

The Parameter of any diameter of a parabola is the 
focal chord which it bisects ; thus the latus rectum is the 
parameter of the axis. 

The Subtangent at any point of a conic is the intercept 
upon the axis between the tangent and the ordinate of the 
point ; and the Subnormal is the intercept between the 
normal and the ordinate. The subtangent to any diameter 
is the intercept thereupon between the tangent and the 
ordinate of its point of contact to that diameter. 

18. The eccentricity of the parabola being a ratio of 
equality, the semi-latus rectum is equal to SX, and there- 
fore to 28 A. It is to be noted also that in the case of the 
parabola 8G becomes equal to 8P (Art. 11), and the eccen- 
tric circles of all points (Def. 11) touch the directrix. 

The property of diameters in Art. 13 has been proved 
for all conies without distinction; but we shall also shew 
that it can be proved with peculiar ease for the special case 
of the parabola. 
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Chord-Properties*. 



PHOPOSITION I. 

19. The principal ordinate of any point on a parabola 
is a mean proportional to its ahsdssa and the latus rectum. 

If PN and AN be the principal ordinate and abscissa 
of any point P on the parabola, we have to shew that 

PN't:^4iA8.AN. 
By Euclid i. 47 and from the definition of the parabola, 

Hence (taking for example the case in which AN is 
greater than AS)^ 

PN' + {AN-- AS)' = {AN+ AS)' 

^{AN-ASf + ^AS.AN 

[Lemma A. 




Therefore P2P is equal to iAS.AN; or in other words, 
PN is a mean proportional to the abscissa AN and the 
latus rectum (Art. 18). 

* By chord-properties (as distingnished from iangent-properties) we 
understand such properties as do not presuppose the definition of a tangent 
(Def. 9). It is desirable to avoid using tangent-properties to prove chord- 
properties, the reverse order being the only natural one, so long as we regard 
a tcmgent as the limit of a chord. 



so 
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Conversely, if PN and A^ he thus related, the locus 
of P will be a parabola of latus rectum equal to 4iAS. 



PB0P08ITI0N II. 

20. The hcua of the middle points of any number of 
parallel chords of a parabola is a straight Une parallel to the 
axis ; and the bisecting line meets the directrix <m the straight 
Une through the focus at right angles to the common direction 
of the chords. 

Let QQf he any one of a system of parallel chords, and 
let QMaxkd QfM' be perpendiculars to the directrix. 

Let the focal perpendicular upon the chords meet QQ" 
in Y and the directrix in ; and let the pai-allel to the axis 
through (which is a fixed straight line) meet QQ' in V. 
Then will Fbe the middle point of QQf. 




For by Euclid i. 47 and from the definition of the para- 
bola (taking the case in which Y lies in 08 produced), 

^0Y^-8Y^; 

and OM'* may be shewn to have the same value. 

And since OM and OM^ are thus equal, the line OV 
parallel to the axis bisects QQ' ; that is to say, it bisects 
every chord which is at right angles to 08^ 
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It is hence evident that every straight line parallel to 
the axis of a parabola is a diameter (Def. 7) of the curve, 
and that all diameters of a parabola are parallel to the axis 
and to one another. 

PROPOSITION III. 

21. To evaluate the parameter of any diameter of a 
parabola. 

Let a diameter meet its parameter QSQ' (Def. Art. 17) 
in V, the curve in P, and the directrix in 0, so that v80 is 
a right angle. IJ^^V* ^^» 

Let fall perpendiculars QM and Q'M* upon the directrix. 
Then 

' mt 2vO. [Tjemma C. 




And because vSO is a right angle, and SP= PO, there- 
fore vO is a diameter of the circle round OSv^ and F is its 
centre. 

Hence QQf =:2vO=-^8P, 

or the focal chord QQ^ is equal to four times the focal dis- 
tance of the extiemity of the diameter of which it is the 
parameter. In particular, as we have already seen, the 
latus. rectum or principal parameter is equal tp 4! A 8, 
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PROPOSITION IV. 

22. The ordinate of any point on a parabola to any 
diameter is a mean proportional to the parameter of the 
diameter and the abscissa of the point 

Let Q be any point on a parabola, QF and PV its ordi- 
nate and abscissa to any diameter : we have to shew that 

(2P = 4>SfP.PF, 

the parameter of the diameter through P being equal to 
4iSfP. [Prop.ni. 

Let the diameter meet its parameter in v and the di- 
rectrix in 0; and let 08, which is at right angles to Sv 
and QF(Prop. ii), meet QFin Y. 




Then it may be shewn that, if QD and QMhe perpen- 
diculars to the diameter and the directrix, 



Moreover by parallels, 

OY: Or^SY : vV; 



[Art. 20. 



[Euc. VI. 2. 
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and therefore (supposing for example that OYis greater than 
SY) 

0Y^-8Y^ : OV'-vV^OY' : OV^ 

by similar triangles OYV and QDV. And since the ante- 
cedents in this proportion are equal, the consequents are 
equal, so that 

And since P is the centre of the circle round OSv (Art. 21), 
therefore OF is equal to PV+SP, and vV to PV-SP; 
and therefore from above, 

QV^ = {PV+ SP)^ -. {PV- 8P)\ 

= 48P.PV; [Lemma A. 

that is to say, the ordinate QVis b, mean proportional to the 
abscissa P V and the parameter 4/SP. 

PROPOSITION V, 

23. The rectcmgles contained hy the segments of any two 
intersecting chords are as the parameters of the diameters 
which bisect them. 

Take any two chords QQf and BiZ' intersecting in a point 
0, within or without the parabola, and let the diameter 
through meet the parabola in q. 




T. G. 



S4 
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Bisoct QQ^ in F, let the diameter through V meet the 
(•urvo in P, and draw the ordinate qv to that diameter. Then, 
taking the case in which lies within the parabola, 

QO. OQ=QV*- 0V\ [Euc. il 5, Cor. 

= 4fifP . PV- *8P . Pv; [Prop. IV. 

and therefore, since PV-^Pvis equal to v For qO, 

QO.OQ^ASP.qO. 

Similarly BO. OR ^*SF .qO, 

if 1^ bo the extremity of the diameter which bisects BR; 
luul tho same may be proved for the case in which lies 
witliout tho parabola. 

Therefore the rectangles QO . OQ' and BO . OR are as 
4fiiP to 4jSP', or as the parameters of the diameters which 
bisect QQ and BR (Prop, iii.), in accordance with what was 
proved for all conies without distinction in Art 16.. 



Tangent- Properties. 



PROPOSITION VI. 



24. The tangent to a parabola oA any point is the bisector 
of the angle which the focal distance of the point makes with 
tiie diameter produced. 

Let the tangent at P meet the directrix in B, and let the 
diameter be produced through P without the curve to meet 
the directrix in M. 




19 ^ 
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Then FSB is a right angle (Art. 7), and 8P=^ PM, and 
PR is common to the right-angled triangles P8B and MPR. 

Therefore their angles at P are equal, or the tangent PB 
is the bisector of the angle SPM. 

It is further evident that MP produced makes equal 
angles with SP and PM; and that if the tangent meet the 
axis in T, the angles SPT and STP are equal, or the tangent 
together with SP and the axis determine an isosceles tri- 
angle. 

Corollary 1. 
If PN be the principal ordinate of P, it follows that 

8T^SP=^NX=AN+AS; 
and therefore AN=^ ST- AS=^ AT, 

or the Sfuhtangent is double of the abscissa. [Def. Art. 17, 

Corollary 2. 

If PQ be any focal chord and MN its projection upon the 
directrix, and if SB be drawn at right angles to PQ to meet 
the directrix; it is evident from above that the bisector of the 




angle SRM is the tangent at P, and that the bisector of SBK 
is the tangent at Q. Hence 

lPBQ^ iSBM+ iSBN-- a right angle, 

or the tangents at the extremities of any focal chord meet at 
right angles upon the directrix, and conversely. 
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FBOPosmox vn. 

25. The normal at any point makes equal angles mth the 
focal distance and the axis, and it bisects tA« interior angle be- 
tween the focal distance and the diameter to the point. 

If the normal at P meets the axis in O, then 8G = SP 
(Art 18), and therefore FG makes equal angles with SP and 
8G. 

IS the diameter at P be drawn, and any point D be taken 
upon it within the curve, then by parallels and firom above, 

^ DPG = PGS = GPS, 

or PG bisects the angle SPD. 




Corollary. 

If AN be the principal abscissa of P, then since 

SG = 8P=^NX, 

therefore 

NG^SG-SN^^NX-SN-^SX, 

or the subnormal is equal to semi-ldtus rectum. [Def. Art 17. 



PROPOSITION vm. 

26. ITie foot of the focal perpendicular to any tangent 
lies on the tangent at the vertex; and the square of the focal 
perpendicular to any tangent varies as the focal distance of its 
point of conia^. 

Let the tangent at P meet the axis in T, and let PN be 
the ordinate of P. 



THE PARABOLA^ 37 

(i) Draw the tangent at the vertex Ay and let it meet 
PTin F; then wiU fifFbe perpendicular to FT. 

For since A is the middle point oi NT (Art. 24, Cor. 1), 
therefore by parallels PN and A Y (Art. 3), Y is the middle 
point of PT] and therefore the triangles. SPF and STY, 
having their sides SP and PY equal to ST and TY respec- 
tively, and the side SY common, have their angles at Y 
equal. 

Therefore /SF is at right angles to PT, and conversely 
the foot of the focal perpendicular SY upon the tangent at 
P lies on the tangent at A, 

(ii) Moreover, in the right-angled triangles SA Y and 
8YP, since the tangents YA and YP to the parabola sub- 
tend equal angles at S (Art. 9), 

8A : SY==SY : SP, 

or SY'^SA . SP, 

and SY^ varies as SP, as was to be proved. 

PROPOSITION IX. 

27. The exterior angle between any two tangents to a 
parabola is equal to the angle which either of them subtends at 
the focus. 

Let the tangents at P and Q intersect in T, and let them 
meet the axis in p and q. Take any point in pS produced, 
and produce TS to any point t. 

Then by Euclid I. 32, and because SPp is an isosceles 
triangle (Prop, vi.), 

I PSO = SPp + /SpP= 2SpP ; 

and similarly i QSO = ^SqQ. 

Hence by addition (taking the case in which P and Q lie 
on opposite sides of the axis), 

iPSQ^2 {SpP + SqQ) = 2 (SpP+pqT), 

= 2PTQ. 
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Therefore i PTQ = iP8Q = PSt^Q8t; . [Art. 9. 

And therefore the exterior angle pTq between the tangents 
is equal to PSTot QST, as was to be proved. 




PROPOSITION X. 

28. The two tangents from any point to a parabola are 
the basses of a pair of similar triangles having a common 
vertex at the focus. 

With the construction of Art. 27 it has been shewn that 

iPTQ^PSt 

The former angle is equal to 8TP + STQ, and the latter 
is equal to STP+8PT (Euc. I. 32). Therefore, taking away 
STP from each, 

iSTQ^SPT. 

And since the angles at S in the triangles STP and STQ 
are also equal (Art. 9), the third angle STP is equal to the 
third angle SQT, and the two triangles are similar, as was to 
be proved. 

Hence 8P : 8T = 8T : SQ, 

or the focal distance of the point of concourse of any two 
tangents to a parabola is a mean proportional to the focal 
distances of their points of contact 
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Corollary, 

Since the angle STQ is equal to SPT, and therefore to 
SpP (Prop. vi.)j the angle which either tangent makes with 
the axis (or with the diameter through T) is equal to the 
angle which the other makes with the focal distance of T, 



PROPOSITION XI. 

• 

29. The circumscribed circle of the triangle formed hy 

any three tangents to a parabola passes through the focus. 

Let PQR be any triangle whose three sides touch a 
parabola^ and let any one of its sides, as PR, meet the axis 
inT. 



Then by the last corollary, considering the two tangents 
which meet in iJ, 

iSRQ^STP', 

and next considering the two tangents which meet in P, 

I SPQ = STP. 

Therefore the angles SPQ and SRQ are equal, and the 
points PQRS lie on a circle ; or in other words, the circle 
round PQR passes through the focus. 
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Corollary, 

Four tangents to a parabola "being given, the circum- 
scribed circles of the four triangles which they determine 
meet in one point, viz. the focus of the parabola. 

PROPOSITION xn. 

30. At any point of a parabola the subtangent to any 
diameter is double of the abscissa, ^ 

Let Q be any point on a parabola, Q V and PV its ordi- 
nate and abscissa to any diameter, and let the tangent at Q 
meet that diameter in T: we Jiave to shew that TF is 
double of PV. [Def. Art. 17. 

Let the tangents at P and Q meet in JZ, and let PO be 
drawn parallel to RQ to meet Q Fin 0\ then the tangent at 
P, being a vanishing ordinate to the diameter PV (Art. 13, 
Cor. l),is parallel to QT; and therefore PRQO is a paral- 
lelogram, and its diagonal RO bisects the diagonal PQ. 




But the line drawn from R to bisect the chord of contact 
of the two tangents from P is a diameter of the parabola 
(Art. 13, Cor. 2) : therefore RO is a diameter, and is parallel 
to the diameter PV. [Pj^op- n. 

Hence by parallels, 

PV=RO = PT, 

or P bisects TV, and the subtangent TV is double of PF. 



CHAPTER IV. 



CENTRAL comes. 



31. The central conies are the ellipse and the hyperbola. 
It has been shewn (Art. 14) that these are also bifocal, and 
symmetrical with respect to both axes. 

The AhsdsacB or Abscisses of a point to any diameter of a 
central conic are the segments of the diameter made by the 
ordinate of the point. The Central Abscissa, which is also 
called absolutely the Abscissa, is the distance from the centre 
to the foot of the ordinate. 

The principal axis of a central conic is distinguished as 
the Transverse Aoois. The transverse and conjugate (Def. 4) 
axes of the ellipse are also called its Major and Minor axes. 
The term axis is sometimes used to denote the finite portion 
of either of these lines intercepted by the curve ; but a 
special convention has to be made in case of the conjugate 
axis of the hyperbola, which does not meet the curve in real 
points. [Art. 33, Cor. 1. 

The major and minor auxiliary circles are the circles 
described upon the transverse and conjugate axes as diame- 
ters, but when one Auxiliary Circle only is spoken of, the 
circle on the transverse axis is signified. It is easily seen 
from the next article that this is the limit to which the 
eccentric circle tends as its centre is made to approach the 
centre of the conic. 

Supplemental Chords are chords drawn from any point on 
the curve to opposite extremities of any diameter. 
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The Conjugate Parallelogram is the figure formed by 
drawing parallels to each of two conjugate diameters through 
both extremities of the other. 

32. The segments of the transverse axis. 

In any central conic the vertices A and A' divide 8X so 
that 

8A : A:X=8A' : AX] 

therefore SA : AX^SA-- SA' : AX -- A'X 

= 8A + SA' : AX+A'X, 

or by Lemma B, if G be the centre of the conic, 

8A : AX=2GS : 2CA = 2GA : 2GX. 

X A. $ c H A -vr 

T ' 1 . *- • 1 

Thus each of the ratios CjSf : GA and GA : GX is equal 
to the eccentricity, and 

G8.GX^GA\ 



The Ordinate. 



PROPOSITION I. 



33. The square of the principal ordinate of any point on 
a central conic is in a constant ratio to the rectangle contained 
by its abscisses. 

Let A and A' be the vertices, PK the ordinate of any 
point P on the conic, Z and Z the points in which AZ and 
A'ZoT their prolongations meet the directrix*. 

If PM be a perpendicular to the directrix, and therefore 
parallel to the axis, 

8P : 8 A' = PM : A'X [Def 1. 

= PZ' : A'Z] 

* For the hyperbola use the lithographed figure No. 2. 
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tlierefore SZ' bisects the angle PSX, and in like manner 
(if© be taken in PiS produced) iSZ bisects the supplemental^ 
angle p8X. 




Hence the angle ZSZ' is a right angle, and 

ZX. ZX= /SfX* == a constant. 
Moreover, since P^ib parallel to the directrix, 

PN : AN=:ZX :AX, 
and PN : A'^^^ZX : A'X. 

Hence PiV* : AN.A'Ifr.ZX.ZX : AX.A'X 

^SX" : AX.A'X, 
or PIP is in a constant ratio to AN. A'N. 



Corollary 1. 

Let the length CB be determined by the proportion, 
CR : GA^^SX^ : AX. AX. 

Then in the ellipse 

PN^ : AN.A'N^PN^ : C4»- CN^^CB' : CA\ 

where CB is equal to the semi-axis conjugate, with which 
PN coincides when N is taken at G. In the hyperbola 

PN^ ; AN.A'N=PN' : CN'^CA'^GB" : CA\ 
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where we may agree to call CB the length of ihe semi-aais 
conjugate^ although (Art. 2) this does not meet the curve. 

Corollary 2. 

If Pn be an ordinate to the conjugate axis, it is easily 
deduced that in the ellipse, 
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Pn' : GB»- Cn'=CA* : CB'; 
and in the hyperbola, 

Pn* i CB'+Cn*^ CA* : Cff. [Fig. Art. 49. 



PBOPOsmoN n. 

34. The semi-Olds conjugate is a mean proportional to the 
segments of the transverse axis made by either focus; and the 
lattis recfbwm is a iMrd proportional to the transverse and 
conjugate aices. 

Since C8 : CA = 8A : AX= 8A' : A'X, [Art. 32. 
therefore 

CS^CA : CA=8A->rAX: AX =8X: AX 
and CS-CA : CA = 8A' ~ A'X : A'X= SX : A'X. 

Hence CBP- CA* : CA* = 8X* : AX. A'X 

= CB* : CA*, [Art. 33. 

or CS* " CA* = AS . A'8 = CB*. 
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If L8L' be the Bemi-latua rectum, so that A 8, A'S are 
the abecifiSEe of X, 



8L' :A8.A'S=CB* : 

and therefore 8L' : CS'=CB* : 

Therefore SL.CA= G&, and LL' i 
to the tratksTerBe and conjugate axes. 



C4', [Prop. I, 

CA\ 
1 a third proportional 



KtOPOsmoN III, 

35. If the principal ordinates of all points on ellipse be 
produced outwards in the ratio of the major to the minor atns, 
the poirUs to which they are produced lie on the circumference 
of the auxiliary circle, and conversely. 

Let P be any point on an ellipse, and let its principal 
ordinate PN be produced outwards to ^ in the ratio of CA 
to CB, 80 that 



PIP ipN^^Cff : 
^PN' 




[Prop. I. 



Then, pJT' being equal to AN. A'N, the locus of ^ is the 
circle on AA' as diameter, as was to be proved. 
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Conversely, if the ordinates pN, qM,.. in the circle be cut 
in the ratio of minority CB : GA, the points of section 
P, Q... will all lie on an ellipse whose semi-axes are equal 
to 04 and CA 

Corollary. 

Considering any two of the produced ordinates, the chords 
PQ and pq joining their extremities are easily seen to meet 
on the axis. Hence (making P, Q and p, q coalesce) we 
deduce that the tangents at P and p meet at a point T on 
the axis (Fig. Art. 45), Therefore the angle CpT is a right 
angle, and 

CN.GT=Cp^=^GA\ 

To draw the tangent at P, we have simply to draw the tan- 
gent ^T to the circle at p^ and join PT. 



PKOPOSITION IV. 

36. At any point on a central conic the sqicare of the 
ordinate to any diameter is in a constant ratio to the product 
of the corresponding abscissce. 

Let QVR be any double ordinate of a given diameter 
PP', and P Fand P' F the corresponding abscissae. We have 
to shew that QV^ (or PV^ varies as PV. VP\ 




This follows at once from Art. 16, Cor. 1, where it is 
shewn that QV, VB (which is in this case equal to QV*) is 
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in a constant ratio to PV.PV, so long as the directions of 
QB and FF' continue unchanged. 

Put Ciy : CP^ equal to this constant ratio, so that 
QV^ : PV.VF = Ciy : CP\ 

In the ellipse it is evident that CD is equal to the semi- 
diameter to which QK is parallel. Also 

in all cases. 

In the hyperbola also we may agree to call CD the length 
t)f the semi-diameter conjugate to CP, although it will be 
seen (in the section on conjugate diameters) that one and one 
only of every two conjugate diameters meets the curve in 
real points. Supposing CP to meet the hyperbola, 

QV' : (7F'- CP'^CD^ : CP\ 
and Qo^ : W+ CD'^CP' : CD", 

if Qv* be an ordinate to the diameter CD, which does not 
meet the curve. 

Corollari/. 

Hence, and by Art. 16, Cor. 2, if FF' be the focal chord 
parallel to CD, and LL' be the latus rectum, 

FF : LL'^ CD" : CB'= CD" : ^LL'.CA. [Art 34. 

Therefore FF\CA=^2 CD^, 

or any focal chord is a third proportional to the transverse 
axis and the diameter parallel to the chord. 

* Draw Qv eqnal and parallel to VG in the lithographed figure No. 1, 
where the upper and lowejf branches do not belong to the hyperbola on 
which Q lies. 
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The Focal Distances. 



PROPOSmON V. 



37. The sum or differenoe of the focal distances of any 
point on a central conic is constant and equal to the transverse 



aans. 



Let S be the second focus (Art. 14) and W the foot of 
the corresponding directrix. Through any point P on the 
curve draw a parallel to the axis to meet the directrices in 
MajxdJSr, Then 

SP : PM^HP : PN. 




HAW 




Therefore 

SP±HP : PM±PN^8P: PM, 

•where PM+ PN is equal to NX in the ellipse, and PM-- PN 
is equal to NX in the hyperbola. 

Therefore SP^HP is constant, the upper sign being 
taken for the ellipse, and the lower sign for the hyperbola. 

By making P coincide with A, it is easily seen that in 
either case the constant length is equal to the transverse 
axis, so that 

8Pi^HP^AA\ 

Corollary, 

In the ellipse, if £ be an extremity of the minor axis, 

SB^HB^CA. 
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The Tangent. 



PROPOSITION VL 



38. The tangent at any point of a central conic makes 
equal angles with the focal distances of the point 

Let the tangent at P meet the directrices in R and R\ 
and let the parallel to the axis through P meet the di- 
rectrices in M and M\ Then, if 8 and 8' be the corre- 
sponding foci, 

8P : 8T = PM : PM'^PR : PR, 




or the sides about the angles at P in the triangles P8R and 
PS'R are proportionals. 

Moreover the angles at 8 and 8' in those triangles (being 
right angles) are equal. 

Therefore the triangles are similar and their angles at P 
are equal (Euc. VI. 7); that is to say, the tangent at P makes 
equal angles with the focal distances 8P and /S'P, and con- 
versely. 

In the ellipse the tangent at P falls without the angle 
8P8\ and bisects the angle which S'P makes with 8P pro- 
duced (Fig. Art 39). In the hyperbola (Fig. 4) the tangent 
bisects the angle 8P8' internally. 



T. O. 



^L 
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PROPOSITION VIL 

39. The projections of the two foci upon any tangent to a 
central conic lie on the auxiliary circle. 

Let 8 and S' be the foci : Y and F' the feet of the per- 
pendiculars let fall from them upon the tangent at any point 
P. Then will Y and Y' lie on the aiixiliaiy circle. . 

In the case of the ellipse, let 8P produced meet 8'Y' in 
s\ then the tangent PY' bisects the angle 8' Pa (Prop, vi.), 
and Y's is equal to Y'8\ 




And since Y' has been shewn to be the middle point of 
/S'5, and the centre C of the conic bisects 88\ therefore CY' is 
parallel to 8s and equal to \8s. That is to say, 

C7'= i [8P + P«) = i (/SP+ P8') 

= CA, [Prop.v. 

or F' lies on the auxiliary circle. And in like manner it may 
be shewn that F lies on the auxiliary circle. 

In the case of the hyperbola, making the construction 
indicated in Figure 8, we may shew that 

CY=^l{8'P'-8P)^CA, 

and thus that F and Y' lie on the auxiliary circle. 
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Corollary 1. 

Conversely, if F be any point on the auxiliary circle the 
straight line drawn from i at right angles to 8Y will be a 
tangent to the conic. It is hence evident that the extremities 
of any focal chord TSZ of the auxiliary circle are the projec- 
tions of the focus 8 upon a pair of parallel tangents to the 
conic. 

Corollary 2. 

If the diameter parallel to the tangent at P meet 8P in 
k, then 

Pk^^CT^CA, 



PROPOSITION VIII. 

40. The rectangle contained by the perpendiculars from 
either focits of a central conic upon any two parallel tangents^ 
or by the perpendiculars from the two fod upon any tangent, 
is constant a/nd equal to the square of the semi- axis conjugate. 

Draw perpendiculars ST and SZ to any two parallel tan- 
gents. Then since T and Z lie on the auxiliary circle (Prop. 
VII.) and YSZ is a straight line, 

SY.SZ^SA. 8A' = Cff, [Prop. ii. 

as was to be proved. 

Again, with the construction of Art. 39, since Y'YZ is a 
right angle Y'Z is a diameter of the circle. Hence the 
triangles C8Z and C8'Y\ having their angles at C equal and 
their sides C8, CZ equal to CS', CY' each to each, are equal 
in all respects. 

Therefore 8Y . 8'T ^ 8Y . 8Z = CB\ 
as was to be proved. 

Corollary. 

If tangents be drawn to an ellipse from any point T, and 
if F, F' and Z, Z' be the projections of the foci upon them, 
then since 8Y , 8'Y =^ SZ . S'Z', it is easily shewn by a 
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reductio ad absurdtmi that the angle STF is equal to S'TZ, 
or the two tangents are equally inclined to the focal dis- 
tances of their point of concourse, each to each. 



PROPOSITION IX. 

41. A variable tangent to a central conic meets any jixed 
diameter at a distance from the centre which varies inversely 
as the abscissa of its point of contact to that diameter. 

First Case*. 

Let PCP" he a given diameter which meets the curve in 
real points F and F\ Let the tangent at any point Q meet 
that diameter in T, and let QF be the ordinate of Q. Then 
we shall shew that 

CF.CT=CP. 




Let the tangent at P, which is parallel to QF, meet QT 
in jB, and let FO be drawn parallel to RQ to meet QF in 0. 
Then OFRQ is a parallelogram, and its diagonal BO bisects 

PQ. 

* Figure 5 (with suitable letters) may be used for the hyperbola. 
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But BO, since it bisects the chord of contact of the tan- 
gents from BfiasL diameter and passes through the centre G 
of the conia [Art. 13, Cor. 2. 

Therrfore by parallels, 

CV : CP^ CO : CR^ CP : CT, 
or CV. CTiR equal to GP*, as was to be proved. 

Second Case. 

Let CP and CD be given conjugate semi-diameters of a 
hyperbola, whereof the former meets and the latter does hot 
meet the curve. [Art. 36. 

Draw QKand QT as in the first case, and produce QT to 
meet CD in t. Then by parallels, 

Ct : CT=^Qr : VT, 
or QV.Ct : CV.CT^QV^ : CV.VT 

^QV ; CV-Cr.CT. 




Hence by the first case and by Art. 36, 

QV.Ct : CP'^QV^ : CV'^CP" 

= CD' : CP", 
or Cv.Ct^QV.Ct^CD", 

if Cv be the abscissa of Q to the diameter CD. 
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Corollary, 

If the tangent at any point P meet the transverse and 
conjugate axes in T and t, and if PN and Pn be ordinates to 
those axes, then 



CN.CT=CA\ and Cn.Ct^CB\ 



[Fig. 6. 



The Normal. 



PROPOSITION X. 



42. The normal at any point bisects the angle between the 
focal distances of the point, internally in the case of the ellipse 
and externally in the case of the hyperbola. 

Let 8 and Hhe the foci, PO the normal at any point P, 
and TPt the tangent at that point. 

Then in the ellipse, PG being at right angles to the tan- 
gent, 

^SPG + SPt = HPG + HPT. 




And it has been shewn that the angles SPt, HPT are 
equal and that the tangent falls without the angle 8PH 
(Art. 38). 
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Therefore zSPO^HPG, 

or the normal bisects SPH internally. 

In the hyperbola it may be shewn in like manner that 
the normal at P bisects the angle SPH externally. 

Corollary. 

If the circle round SPH meet the conjugate axis in g and 
ty it is evident that the arcs Sg, Hg and the arcs St, Ht are 
equal Hence Pg and Pt are the two bisectors of the angle 
SPH, and the circle rawnd SPH passes through the points in 
which the tangent and normal at P meet the conjugate axis. 



PROPOSITION XI. 

43. At any point of a central conic the normal, termi- 
nated by either axis, varies inversely as the central perpendicu- 
lar upon the tangent or directly as the radius parallel to the 
ta/ngent. 

(i) Let the tangent at any point P meet the transverse 
and conjugate axes in T and t, and let the normal meet them 
in G and g*. 

Let PJ\r and Pn be ordinates to those axes, and let PN 
and Pn or their prolongations meet the diameter parallel to 




For the hyperbola use the lithographed figure No. 6. 
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the tangent at P in -Jf and m, and let the normal meet that 
diameter in F. 

Then, the angles at If and F being right angles, a circle 
goes round FONM, and therefore 

PO.PF^PJSr.PM^Cn.Ct 

= CB*. [Art. 41, Cor. 

In like manner, the angles at n and JT being right angles, 
Pg.PF=Pn.Pm^CN.CT 

Therefore PO and Pg vary inversely as PF^ or as the 
central perpendicular upon the tangent at P. 

(ii) It will be shewn in Art. 45, Cor. 2 that 
PO : CD^CD : Pg=^CB : CA, 
where CD is the semi-diameter conjugate to CP. 

, Corollary. 

Hence 

NG : CN^NG : Pn^PO : Pg^Cff : CA\ 
or the mbnormal varies a^ the abscissa, [Def. Art 17. 



Conjugate Diameters. 



PROPOSITION xn. 



44. Supplemental chords are parallel to conjugate di- 
ameters, and conversely. 

Let PCR be any diameter and any point on the curve. 
Then will the supplemental chords OP and OP (Def. Art. 
31) be parallel to a pair of conjugate diameters. 

For if C be the middle point of OP, and JB the middle 
point of OP', the line CQ which bisects two sides of the 
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triangle OPP' is parallel to the third side P'O, and in like 
manner CR is paiuUel to PO. 




Therefore the diameters CQ and CR are conjugate, since 
each bisects one chord (and therefore all chords) parallel to 
the other. [Art. 13. 

Conversely, from any given point on the curve' or from 
the extremities of any given diameter PP* there can be 
drawn a pair of supplemental chords OP and OP parallel to 
any assumed pair of conjugate diameters. 

In the hyperbola it is evident that of every two sujiqple- 
mental chords one lies within and the other without the 
curve, and hence that am and one only of every two conjugate 
diameters meets the hyperbola. We shall in consequence have 
occasion to give separate proofs of some of the properties of 
conjugate diameters for the special case of the hyperbola. 



Corollary 1. 

This proposition determines the relation between the di- 
rections of any two conjugate diameters. For in Art. 33, 
where AP and A'P may be parallel to any two such 
diameters, 

PIP : AN . A'N= Cff : CA^; 

and therefore if the ratio of Pif to AN (or the direction of 
one of the diameters) be given, the ratio of PN to A'N (or 
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the direction of the conjugate diameter) is known. Con- 
versely any two diameters whose directions are thus related 
will be conjugate provided that they lie in adjacent quad- 
rants in the case of the ellipse (Fig. Art 45), or in the same 
quadrant (Fig. 3) or opposite quadrants in the case of the 
hyperbola. 

Corollary 2. 

A pair of semi-diameters GP and CD (subject to the last- 
mentioned proviso) will therefore be conjugate if the ordinates 
PN and DR of their extremities be such that 

PN : CR^CB : CA^DR : CW, 

and conversely. To determine such a pair of semi-diameters 
in the ellipse, draw any pair of radii Cp and Cd at right angles 
in its auxiliary circle, draw the ordinates pK and dR of their 
extremities, and let these meet the ellipse in P and D; then 
it is evident that pN^CR and dR^CN, and hence by 
Prop. in. that PN and DR are related as above. The 
same proportions hold in the case of the hyperbola; but 
it is to be noted that they implicitly assume the relation 
CP''-Cp' = CA*^CB* (Art. 45), which must therefore be 
proved independently. 



PROPOSITION xni. 

45. The swm of the squares of any two conjugate diameters 
is constant in the ellipse, and the difference of tiveir squares is 
constant in the hyperbola. 

(i) Let CP and CD be conjugate semi-diameters of an 
ellipse, PN and DR the principal ordinates of their ex- 
tremities, p and d the points in which those ordinates meet 
the auxiliary circle. Then pCd is a right angle, and pN is 
equal to CR, and dR to CN. [Art. 44, Cor. 2. 

Therefore 

pN^^-dR^ = pN^^-CN^ = Cp^ 

^CA\ 
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or (dimiuishing each of the lengths pN, dR, CA in the ratio 
of CB to GA) 

PN' + I)B^ = CB'. [Prop. III. 




Moreover CN' + CB' = CN' + pF' [Art. 44, Cor. 2. 

^CA'. 
By addition CP" + CD' = CA' + Cff, [Euc. i. 47. 

as was to be proved. 

(ii) In the hyperbola, as will be proved in Art. 52, 

CP'-Cl^^CA'-'CB'. 



Corollary 1. 

If P be any point on an ellipse, {SP+SP)' = WA*, and 
/gP* + /SrP* = 20/8" +2 CP* (Lemma D). Therefore, subtract- 
ing and dividing by two, 

8P . S'P = 2CA'-CS'-CP' = CA' + CB'-CF' 

= CI>'. 

as may also be proved in like manner for the hyperbola. 

Corollary 2. 

If the normal at P meet the transverse axis in O, then 
by similar triangles (GB being at right angles to the normal) 

PG : CD = PN : CR = CB : CA. 
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And in like manner it may be shewn that 

Pg : CD^CA : CB, 
where Pg is the normal terminated by the conjugate axis. 



PROPOSITION XIV. 

■ 

46. The conjugate parallelogram is of consta/nt area a/nd 
equal to the rectangle contained by the axes. 

Let PCP' and DCU be a pair of conjugate diameters, 
and let a conjugate parallelogram be constructed by di*awiDg 
parallels to each of them through the extremities of the 
other. [Def. Art 31, 




Let the normal at P meet DU in F and the transverse 
axis in Q. Then since 

PG : CD^CB : CA, [Art. 45, Cor. 2. 
therefore 

PF.PG : PF.CD^CB": CA . CB. 

Hence, the antecedents being equal by Prop, xi., 

PF.CI)':^CA.CB; 

and the conjugate parallelogram is equal to 4iPF . CD or 
AA' . BB ♦. 

* A second proof for the hyperbola alone will be found in Art. 52 (ii). 
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In the ellipse the parallelogram described as above com- 
pletely envelopes the curve : in the hyperbola two of its sides 
only touch the curve (Fig. Art. 60). 

PROPOSITION XV. 

47. The mtercepts on any tangent between the curve and 
any two conjugate diameters contain a rectangle equal to the 
square of the semi-diameter parallel to the tangent 

Let the tangent at P meet any two conjugate diameters 
in T and T\ Draw the diameter PCP' and the conjugate 
semi-diameter CD, and draw the supplemental chords QP 
and rQ parallel to CT and CT. [Art. 44. 




Then by similar triangles, if QF be an ordinate to PP', 

PT : CP^QV: PV, 
and Pr : CP^QV : PT. 

Hence PT.PT : CP^^QV^ : PV.FV 

= Ciy : (7P», [Art. 36. 

or PT .PT is equal to CZ)', as was to be proved. 

Corollary, 

In the case of the hyperbola the points T and t in which 
any two conjugate diameters meet the tangent at Q lie on 
the same side of Q, as in the second figure of Art 41. If the 
two conjugate diameters be supposed to coalesce, the inter- 
cept QT becomes equal to the parallel semi-diameter CD, 
as will be noticed more particularly in the next chapter. 



CHAPTER V. 
THE ASYMPTOTES. 

48. If a straight line and a curve, being produced, con- 
tinually approach one another but never actually meet until 
they are produced to infinity, the straight line is said to be 
an Asymptote o{ the curve. It will be seen that every hyper- 
bola has two asymptotes. 

If CE and CP be two diameters of a hyperbola lying in 
the same quadrant, and EPIf be an ordinate to the trans- 
verse axis, the diameters will be conjugate provided that 

EK. PN : GN^ = CE" : GA\ [Art. 44, Cor. 1. 

If CP be made to coalesce with CE, it follows that 

EN : CN^CB : CA, 

a relation which determines the position of the self-conjiigate 
diameter CE, The curve has also a second self-conjugate 
diameter CE" making the same angle as CE with the axis. 

Since one of every two conjugate diameters meets and 
the other does not meet the hyperbola (Art. 44), a diameter 
which is self-conjugate should meet and yet not meet the 
curve : accordingly it will appear that the self-conjugate 
diameters coincide with the asymptotes, which meet the 
curve at infinity and do not meet it at any assignable dis- 
tance from the centre. 

For the sake of uniformity of enunciation we shall at the 
outset speak of the lines CE and CE' as the asymptotes, and 
shall then shew conversely that they possess the property 
from which the term asymptote is derived. [Prop. I. Cor. 

It is to be noticed that the asymptotes are the diagonals 
of the rectangle formed by drawing parallels to each axis 
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through both extremities of the other. On the tangent at A 
take a length AL equal to CB, then will CL be equal to OS 
(Art. 34), and GL : CA to the eccentricity. Also it may be 
easily proved that the feet of the focal perpendiculars upon 
the asymptotes lie on the auxiliary circle, and that each per- 
pendicular is equal to GB. 



PROPOSITION L 

49. The rectangle contained by the distances of any point 
on a hyperbola from its two asymptotes is of constant Tnagni- 
tilde. 

(i) K the principal ordinate of any point P on the 
hyperbola meet the axis in If and the asjonptotes in JE and 
JS\ then 

PN' + Gff : GN^ = GB" : GA" [Art. 33. 

= EN'' : GN'i [Art. 48. 




and therefore P2P + Gff is equal to EN' and 

PE.PE^EN'-'PN'^GB'. 
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(ii) Next let Pe be drawn in any specified direction to 
meet CE. Then the triangle PEe is given in species and Pe 
varies as PE, and therefore Pe . PE' is constant 

In like manner, if Pe' be drawn in any specified direction* 
to meet CE, the length Pe' varies as PE', and therefore 
Pe . Pe' is constant 

Taking for example the case in which PO the distance of 
P jfrom one asymptote is measured parallel to the other (Fig. 
Art. 52), and CO is therefore equal to the distance of P from 
the latter asymptote measured parallel to the former, we 
have PO . CO constant, and it may be shewn by making P 
coincide with the vertex that 

PO. C0= i (CA^+ Cff) = l CS'. [Art. 48. 

Corollcun/. 

Since PE . PE is constant and PE continually increases 
with ON, therefore PE at the same time continually decreases. 
Hence GE and the curve continually approach one another 
but never actually meet until produced indefinitely. 



PROPOSITION n. 

50. The intercepts on any tangent to a hyperbola between 
the curve and its asymptotes are equal to one another and to 
the parallel semi-diameter; ami the opposite intercepts on any 
chord between the curve ami its asymptotes are equal to one 
another. 

(i) Let the tangent at P be parallel to the semi-diame- 
ter CD, and let it meet any two conjugate diameters in T 
and T', so that 

PT.Pr^CD\ [Art. 47. 

* In this oonstmction Pe and Pe* are not required to be in the same 
straight line. In the special case in which Peef is a straight line and parallel 
to the axis it may be shewn that Pe . Pe' =■ CAK The same may be shewn 
(Art. 5iy iiCAhe any radius, regarded as fixed for the time being. 
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Let GT* coalesce with GT, so that GT becomes a self- 
conjugate diameter or asymptote; then PT* is equal to CIJ^^ 




and in like manner, if the same tangent meet the other 
asymptote in t, Pf is also equal to GD*. Therefore 

as was to be proved. 

It readily follows that every two parallel tangents as 
TPt and TP'i terminated by the asymptotes are sides of a 
conjugate parallelogram (Def. Art. 31), and conversely that 
every conjugate parallelogram has its diagonals coincident 
with the asymptotes. 

(ii) Next let any chord Qq parallel to the tangent TPt 
be produced to meet the asymptotes in R and r. Then the 
diameter GP bisects i2r, and it also bisects the chord Qq, 

[Art. 13, Cor. 1. 

Therefore the opposite intercepts QR and qr are equal 
and the opposite intercepts Qr and qB are equal, as was to 
be proved. And the same may be snewn in like manner if 
the chord be supposed parallel to the diameter PP' which 
meets the curve in real points, 

T. G, 5 
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PROPOSITION ni. 

51. Any chord of the asymptotes is divided at either of 
the points in which it meets the curve into segments to which 
the parallel radius is a mean proportionaL 

In the figure of Prop. II. let V be the middle ppint of Qq 
and Mr. Then by Art. 36 and by parallels (supposing for 
example that Q and q lie on the same branch of the curve), 

Therefore, the antecedents being equal, 

RQ . Qr^^Rq . qr = RV^--QTr = Ciy, 
or CD is a mean proportional to RQ, Qr and to Rq, jr*. 

PROPOSITION IV. 

52. The difference of the squares of any two conjugate 
semi-diameters of a hyperbola is equal to the difference of the 
squares of the semi-axes ; and the triangle contained by ihs 
asymptotes and any tangent is equal to the rectangle contained 
by the semi-axes, 

(i) Let the tangent at P meet the asymptotes in L and 
M, Draw FY perpendicular to CL, and bisect CL in 0. 
Then, P being the middle point of LM (Prop, il.), OP is 
parallel to the asymptote CJh, and the triangle OYP is given 
m species and OY varies as OP. 

Also, by Euc. i. 47 and Lemma A, 

GP^^PV^GY^^LY^^^CO .OY, 

where OY varies as OP, and therefore inversely as GO, 

[Prop. I. 

• We may dednce the same from Prop. i. by taking any chord parallel to 
a fixed diameter, and then supposing it to coalesce with tiie diameter itscU 
(if it meet the curve), or with the parallel tangent. 
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Therefore CP^-^CL^ or CP^-^PV has a constant magni- 
tude, which may be shewn by taking P at the vertex to be 
equal to (7^* --(751 




(ii) The rectangle CL . CM is equal to 200 . 2P0 or 
CS^ (Art. 49). Therefore the triangle LCM is of constant 
area, and it may be shewn by taking P at the vertex to be 
equskl to CA . CB, 

The Conjugate Parallelogram, which is four times the 
triangle CTt (Art. 60), is therefore equal to AA' . BB\ 
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CHAPTER VI. 
THE EQXJILATERAL HYPERBOLA. 

53. The Equilateral Hyperbola is a hyperbola whose 
latus rectum is equal to its transverse axis. Its two axes 
being equal (Art. 34), its asymptotes are at right angles, and 
it is therefore called also the Rectangular Hyperbola* Its 
eccentricity is the ratio of the diagonal to the side of a square, 
the foot X of the S-directrix bisects C8, and 

^ a5l» = C4» = 2CZ»= 2i8Z*. [Art. 32. 

Also PN' = AN . A'N^ CN^ - GA\ [Art. 33. 

and QV^ = PV.FV--CV^^CP'*, [Axt. 36. 

since by Prop. il. every diameter is equal to its conjugate. 

The normal at P terminated by either axis is equal to 
CP or CD (Art. 45, Cor. 2), and therefore also to the intercept 
on any tangent between the curve and either asymptote. 

[Art. 60. 

It remains to prove certain of the more distinctive pro- 
perties of this variety of the hyperbola, which bears the same 
kind of relation to the general hyperbola that the circle (or 
equilateral ellipse) bears to the general ellipse. 

PROPOSITION I. 

54. Tke angles between any two diameters of an equilate- 
ral hyperbola are equal to ike angles between the conjugate 
diameters. 

Let any two diameters meet the fif-directrix in V and V; 
and draw SZ at right angles to 8V and 8Z' at right angles 

* This may also be dednced as a corollary from Prop. i. 
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to BV^ SO that iSZ and SZ' are the directions of the diame* 
ters conjugate to OF and CV\ [Art. 13» 

Then since X is the middle point of 08^ [Art. 53. 

^vcr^V8T^zsz\ 

or the diameters CV and CV are inclined at the same angles 
as their conjugates. Thus any two conjugate diameters (Fig. 
Art. 55) make equal angles with the two axes: they there- 
fore make equal angles with either a^symptote, and make 
complementary angles with either axis. 

Corollary 1. 

Let PP' be any diameter, Q and JB any two points on the 
curve ; then since supplemental chords are parallel to conju- 
gate diameters (Art. 44) the angle QPR is equal or supple- 
mentary to QP'Rj and therefore any chord of an equilateral 
hyperbola subtends equal or supplementary angles at the ex- 
tremities of any diamster. 

Corollary 2. 

In the second figure of Art. 41 (supposing the hyperbola 
to be equilateral) it may be shewn by similar triangles that 

QT.Qt^CQ"; 
and Ukewise that CV. VT= QF*, 

or CV. CT= (7F»- eF«= CP. 

PROPOSITION II. 

55. Conjugate diamsters and diameters at right angles 
are equal in the equilateral hyperbola ; and the ordinates and 
absdssce of the extremities of any two conjugate semi-diameters 
are alternately equal to one another. 

(i) The diflference of the squares of any two conjugate 
diameters being equal to the difference of the squares of the 
axes (Art. 45), and the axes being in this case equal, it 
follows that every diameter is equal to its conjugate. 
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(ii) Let CP and CD be conjugate semi-diameters^ FN 
and DR ordinates to the axis ; and let PN produced meet 
the hyperbola again in F, so that GP' ^GP^ GD. Then 

zP'C2) = PCiV^ + JDaj!y^=a right angle, [Prop.L 




or any two equal semi-diameters GP' and GD lying in adja- 
cent quadrants are at right angles, and conversely. 

(iii) Since the triangles GPN and GRD are similar 
(Prop, l), and GP = GD, it readily follows that 

PN=GR,9XiADR^GN, 
as was to be proved. 

GoroUary. 

Hence and from the relation GN^ — PN^— GJ? it may be 
deduced that A GPD — | GA\ The conjugate parallelogram 
is therefore equal to 4 GA\ 



PROPOSITION IIL 



56. If an equilateral hyperbola drcwmscribes a triangle 
it parses through its orthocentre, and conversely. 

Let AD, BE, CFhe the three perpendiculars of a triangle 
ABGy and the point in which they cointersect, which is 
called the orthocentre of the triangle. 
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Let a hyperbola be supposed to pass through the four 
points ABGO. Then since AD.DO = Bn.DC, its diame- 
ters parallel to AD and BC are equal (Art. 16, Cor. 2), and 
in like manner its diameters parallel to BE and AG are 
equal, as also are those parallel to Ci^and AB. 




Hence the hyperbola through ABGO, having more than 
one pair of equal diameters at right angles, must be equi- 
lateral (Prop, il); and it may be inferred conversely that 
every equilateral hyperbola circumscribing a triangle ABC 
must pass through its orthocentre 0. 



CHAPTER VII. 



THE CONE. 



57. An unlimited straight line which passes through a 
fixed point in space and makes a constant angle with a fixed 
straight line through the point generates a surface which 
is called a Cone. The fixed point is called the Vertex, the 
fixed line the Axis, and the variable line in any position 
is called a Side or a Oenerating Line of the cone. The 
constant angle between any two opposite sides of the cone is 
called its Vertical Angle, The complete cone consists of 
two infinite sheets situated on opposite sides of the vertex, 
as in the last figure of this chapter. 

This species of cone is more fully described as the right 
circular cone, the sections of it made by planes at right 
angles to its axis being evidently circles. Aiiy such section 
may be regarded as the Base of the cone. 

In the special case in which the vertex is at infinity, and 
the generating lines are therefore all parallel to the axis and 
at right angles to the base, the surface is called no longer 
a cone but a Cylinder. 

In what follows we shall consider a plane through the 
axis to be the Plane of Reference and the Sections to be 
made by planes at right angles thereto, so that the principal 
axis of a section will always lie in the plane of reference. 
It will appear from the following propositions that a plane 
section of a cone is in general a parabola, an ellipse or a 
hyperbola. 



The Ordinate. 



PROPOSITION I. 



58. The square of the principal ordinate in any section 
varies as the rectangle contained by the corresponding ab- 
seissw. 

Let AA' be the axis of the section and FN the perpeo- 
diculv upon it from any point Fot the Bection, I^w the 




circular sections of the cone through P, A, A', and let their 
diameters in the plane of reference be LJK, AH, A'K respec- 
tively. 

Th«n by similar trianglee 

LN : A'N=AS: AA', 

and iOT: AN ~ A'K: AA'; 
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and by a property of the circle 

Therefore PN^ : AN.AN^AH.A'K : AA'^, 

or the locus of P is an ellipse or a hyperbola, according as 
the plane of the section cuts all the generating lines of the 
cone on the same side of the vertex, as above, or cuts both 
sheets of the cone, as in the last figure of Art. 59. In either 
case the conjugate axis is a mean proportional to AH and 
A'K, and therefore the semi-aads conjugate is a mean pro- 
portional to the perpendiculars from the vertices of the section 
to the axis of the cone. 

When the plane of the section is parallel to a side of 
the cone, it may be shewn in like manner that PN* varies 
as AN and the section is a parabola. 

Corollary. 

In the cylinder (in which all circular sections are equal) 
an oblique section is always an ellipse having its minor axis 
equal to the diameter of the base, whilst its major axis may 
be of any length greater than that diameter. Conversely 
any ellipse may be regarded as a plane section of a right 
cylinder described on a circular base equal to the minor 
auxiliary circle of the ellipse. 



The Focal Spheres. 



PROPOSITION II. 



59. If a sphere be inscribed in a cone so as to touch the 
plane of a section, the point of contact of the sphere with the 
plane will be a focus qf the section, ana the plane of contact 
of the sphere unth the cone will meet the plane of the section 
in the corresponding directrix. 
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(i) Let a sphere be drawn touching a cone along the 
circle JSQJS", and touching the plane of a section at the 
point S; then will jS be a focus of the section, and the 



corresponding directrix will be the line MX in which the 
plane of contact EQE' meets the plane of the section. 

For let P be any point on the section, FY* a perpen- 
dicular to the plane of contact, PM a perpendicular to MX, 
and Q the point in which the side of the cone through P 
meets the plane of contact. 

Then since the angle QPY is always equal to half the 
vertical angle of the cone, and the angle MP Y to the angle 
between the axes of the section and the cone, it follows that 
PQ : PY and PY : PM and therefore also PQ : PM are 
constant ratios. 

Hence, the tangents PS and PQ to the sphere being 
equal, SP also is in a constant ratio to PM; that is to say, 

* This line is to be supplied in the diagram. 



76 



THE CONE. 



the locus of P is a conic having thd point 8 sjid the line 
MX for a focus and directrix. 

(ii) Every elliptic section has two focal spheres touching 
its plane on opposite sides : thus the two foci S, H and their 
directrices are determined. 




In the annexed figure it may be shewn (antecedently 
to the determination of the directrices) that 



(iii) Every hyperbolic section has two focal spheres 
touching its plane on the same side, as in the annexed 
figure. 




In this case it may be shewn in like m 
8P~HP = PR = AA'. 



CHAPTER Vni. 



ORTHOGONAL PROJECTION, 



60. The Orthogonal Projection, or .briefly the Projection 
of any point in space upon a plane, is the foot of the perpen- 
dicular let fall from the point to the plane. The projection 
of any line or figure is determined by the projections of its 
several points. It is evident that the projections of any 
figure upon parallel planes are equal and similar. 



PROPOSITION L* 

61. Any ellipse may he projected info a circle equal to 
its minor auxiliary circle ; and a circle may he projected into 
an ellipse of any eccentricity having its major axis egucU to 
the diameter of tiie circle. 

(i) Describe a right cylinder upon a circular base equal 
to the minor auxiliary circle of the given ellipse ; then the 
ellipse may be placed so as to coincide with one of the plane 
sections of the cylinder. [Art. 58, Cor. 

The plane of the section is to be taken at such an incli- 
nation to the plane of the base that the projection of the 
major axis of the section upon the base may be equal to its 
minor axis. 

(ii) All the ordinates to a diameter A A' in a circle are 
cut in the same ratio of minority CB : CA by an ellipse 
whose major axis is AA' and whose minor axis is equal to 
2CB. [Art 35. 
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H^nce if the plane of the circle be turned about AA' 
through a certain angle*, every point P on the ellipse will 




lie vertically under the corresponding point 'p of the circle, 
or the ellipse will be the orthogonal projection of the circle. 
Thus the circle is projected into an ellipse having its major 
axis equal to AAy whilst its eccentricity increases with the 
acute angle between its plane and the plane of the circle 
and may be of any magnitude between zero and unity. 



PROPOSITION II. 

62. The projections of parallel strmghb lines are parallel 
straight lines, and every line or segment in a system of paral^ 
lels %s in the same ratio to its projection, 

(i) The projection of a straight line upon a plane is the 
common section of that plane with the plane drawn at right 
angles to it through the line, since their common section 
evidently contains the projections of all points upon the 
line and of those only. 

Let Mq be a 6nite straight line and M'Q' Its projection, 
so that the plane Mq[Q'M! is at right angles to the plane 
of projection. 

^ In both oases of the proposition the obsine of the angle between the 
two planes must- be equal to €R : CA^ 
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Then if M<i be regarded as a variable line belonging 
to a system of faroXlda, the planes by wluch it is projected 




"will be parallel, and their common sections MQ with the 
plane of projection will be parallel to one another, as was 
to be proved. 

(ii) Moreover, if MQ be drawn equal and parallel to 
JIf' Q\ the angle 4^^ ^^ ^ constant, and the ratio of M<1 
to JfQ or MQl will therefore be invariable, as was to be 
proved. 

In the special case in which the original parallels and 
their projections are at right angles to the common section 
of their planes the constant angle c^MQ is equal to ihA angle 
between the planes. 

PROPOSITION m. 

63. Any area in one plane is to its projection upon any 
other plane in a ratio which depends only upon the angle 
between the planes. 

In the one plane draw any number of perpendiculars 
pNf qM,... to the common section of the planes, and let PJV, 
QM,.,. be their projections upon the other plane, so that 

PN : pN-- QM : qM^ CB : CA, 

where CB : GA is a ratio determined by ihe angle between 
the planes*. [Prop. IL 

* Compare the figure of Art. 61, rapposing the planes of the two euryea 
to be inclined at an angle whose cosing is equal ig CB : C A. 
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It follows that every rectilineax figure pNMq determined 
by the pair of perpendiculars pN, qM is to its projection 
PNMQ as CA to CB\ and the aggregate of any number 
of such figures is in the same ratio to the aggregate of their 
projections. 

But any rectilinear figure in the primitive plane may be 
divided into elements by means of perpendiculars drawn 
as above; and any curvilinear figure may be regarded as 
the limit of a rectilinear figure whose adjacent angular points 
are indefinitely near to one another. Therefore any area 
whatever in the one plane is to its projection upon the other 
plane in the ratio of (J A to GB, as was to be proved. 



PROPOSITION IV. 

64. The points of concourse of lines and of their projec- 
tions correspond to one another, and the tangent to a curve at 
any point corresponds to the tangent at the projection of the 
point 

(i) Since the projection of any line is determined by 
the projections of its several points, if any number of lines 
straight or curved pass through a point, their projections 
must all pass through the projection of the point. For ex- 
ample, if a chord of any curve be drawn through a fixed 
point its projection will pass through the corresponding fixed 
point in the plane of projection. 

(ii) If a straight line and a curve intersect in adjacent 
points P and Q, the projections of the straight line and the 
curve will intersect at the projections p and q of those points. 
Hence, the projecting lines Pp and Qq being always parallel, 
if the points P and Q coalesce their projections must also 
coalesce; that is to say, the tangent to the original curve 
at P projects into the tangent at jp to the projection of the 
curve. 

We shall conclude by briefly indicating the method of 
applying these propositions, with reference in the first instance 
to the ellipse. 

T. G. 6 



82 ORTHOGONAL PROJECTION. 

65. The Area of the Ellipse. 

It may be shewn by projecting a circle into an ellipse 
that the area of any ellipse is to that of its auxiliary circle 
as CB to CA, and hence that the area of the ellipse is equal 
to TT . 04 . CB. 

66. Diameters. 

The middle points of any system of parallel chords in a 
circle may be projected into the middle points of a system 
of parallel chords in an ellipse. But in the circle parallel 
chords are bisected by a straight line; therefore in the 
ellipse also parallel chords have their middle points in a 
straight line. Hence it appears that diameters at right 
angles in the circle correspond projectively to conjugate 
diameters in an ellipse, 

67. The Segments of Chords, 

Project an ellipse into a circle, or a circle into an ellipse. 
Let POQ, P'OQ' be any two intersecting chords of the ellipse 
and CDy CD' the parallel semi-diameters: poq, poq' the 
corresponding chords of the circle and cd, cd! the parallel 
radiL 

Then by Prop. ii. and by known properties of the circle, 

OP.OQ : GD'^op.oq : cd^ 

= op\oq : cd'^ 

= OF, OQ' : CD'\ 

or the rectangles contained by any two intersecting chords 
of an ellipse are as the squares of the parallel semi-dia- 
meters. 

68. The Tangent 

Any two tangents to a circle meet upon the diameter 
bisecting their chord of contact, viz. at a point T such that 

CV.CT^CF, 

where V is the middle point of the chord, and P an ex- 
tremity of the diameter CT, It readily follows by orthogonal 
projection that the same is true in the ellipse; and in like 
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manner the property of Art. 47 may be first proved for the 
circle and then transferred by projection to the ellipse. 

69. Properties of Polars. 

(a) If a chord of a circle passes through a fixed point 
the tangents at its extremities int&rsect on a fixed straight line, 
and conversely. 

In a circle of radius CA draw any chord P Q through a 
point 0, and let TP and TQ be the tangents at its extremi- 
ties. Draw the perpendicular TH to GO, and let TH meet 
the chord in U, and let CT meet it in /. 

Then since the angles at H and / are right angles the 
points H, /, T, are concyclic, and 

CH,CO^GI.CT=CA\ 

Hence if be a fixed point, CH is constant and RH 
is a fixed straight line, and conversely. 




The line RH is called the Polar of 0, and the point 
is called the Pole of RH. 

If the point be taken without the circle its polar will 
be the chord of contact of the tangents from : if the point 
be taken within the circle its polar will lie wholly without 
the curve. 

6—^ 
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(b) Any chord of a circle is divided harmonically by any 
point through which it passes and the polar of the point. 

For in the preceding figure the points C, I, B, H are 
concyclic, so that 

OR. 01^ OH. 00=00'- CO. CH 

= CO''-CA^ 

^OP.OQ. 

Hence by Lemma B, since /is the middle point of PQ, 
20P.0Q = 20R. OI=OR(OP+OQ), 
arid therefore PQ is divided harmonically at and R. 

These properties of polars may be extended to the eUipse 
by orthogonal projection. We may remark in passing that 
they are also true of the general conic : thus (to take a special 
case) the directrix is the polar of the focus. [Art. 7, Cor. 

70. The Equilateral Hyperbola. 

It readily follows from the property of the principal 
ordinate (Art. 33) that an equilateral hyperbola may be 
projected into a hyperbola of any eccentricity, and vice versa. 

In the equilateral hyperbola let the length of any semi- 
diameter CD which does not meet the curve be defined by 
the condition that it shall be equal to the conjugate semi- 
diameter CP : let it be granted further that 

PJP ~ DR' = ON' - OR' = CA\ [Art. 55. 

and that the triangle CPD is equal to OA^. 

It may then be deduced by projection that in the general 
hyperbola the difiference of the squares of any two conjugate 
semi-diameters is equal to CA*- CB^, and the area of the 
conjugate parallelogram to A A' . BH. 

In like manner the property of the ordinate to any dia- 
meter in the general hyperbola (Art. 36) may be deduced 
from the special case of the equilateral hyperbola. 
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The General Conic. 

1. The distance of any point outside a conic from the focus 
is to its perpendicular distance from the directrix in a ratio greater 
than the eccentricity, and conversely. 

2. If an ellipse, a parabola, and a hyperbola have the same 
focus and directrix, the ellipse lies wholly within the parabola, and 
the parabola wholly within the hyperbola. 

3. Conies having the same focus and directrix do not meet. 

4. If SL be the semi-latus rectum, and SD be drawn parallel 
to PR (Art. 4) to meet the directrix, then 

SP : PR^SL : SD. 

5. The segments of any focal chord pubtend equal (or supple- 
mentaiy) angles at the foot of the directrix. 

6. If chords PR, QR be produced to meet the directrix in 
Pj g, the angle between the focal radii to p, q will be equaj to half 
the angle between the focal radii to P, Q, 

7. If the focus and two points of a conic be given, the direc- 
trix must pass through one of two fixed points, 

8. Having given two points on a conic and its focus and 
eccentricity, shew how to describe the curve. 

9. Having given two points on a conic and its directrix and 
eccentricity, shew how to describe the curve. 

10. Having given the focus and three points of a conic, shew 
how to describe the curve. 

11. If PN' be the principal ordinate of any point P on a 
conic, then 

SP ± SL : SN = the eccentricity, 

where SL is the semi-latus rectum. 
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12. Determine the condition that a chord of a conic may he 
greater than, equal to, or less than the diameter of the eccentric 
circle of its middle point. 

13. If the point p (Art. 6) describe a series of circles about 
the same centre 0, the point F will describe a series of conies 
having the same focus and directrix ; and the eccentricities of the 
conies will be to one another as the radii of the circles. 

14. If pm be drawn perpendicular to the directrix (Art. 6), 
then pm . PM= OD . SX, Hence shew that every focal chord is 
divided harmonically by the focus and directrix. 

15. At any point of a conic the tangent makes a greater or 
less angle with the focal distance than with the perpendicular to 
the directrix according as the eccentricity is a ratio of minority or 
of majority. 

16. If two conies have a common focus, their common chord 
or chords will pass through the point of concourse of their 
directrices. 

17. If they also touch each other, and if from any point on 
their common tangent second tangents be drawn to them, the line 
joining their points of contact will pass through the focus. 

18. The tangents at the ends of a focal chord meet the latus 
rectum at points equidistant from the focus. 

19. The focal distance of any point on a conic is equal to the 
ordinate of the point produced to meet the tangent at an ex- 
tremity of the latus rectum. 

20. If a chord of a conic subtends a constant angle at the 
focus, its envelope and the locus of its pole are conies having the 
same focus and directrix, and the eccentricities of the three are 
proportionals. 

21. If two tangents TP^ TQ to a conic meet any third tangent 
in p and q, the angle pSq will be equal or supplementary to 
hPSQ. 

22. The vertex of a circumscribed triangle whose base sub- 
tends a constant angle at the focus is a conic. 

23. If TP be a tangent from P to a conic, and if the ordinate 
of T meet the curve in Q, the projection of ST upon SP is equal 
to SQ. 

24. Shew that PN and QM in Art. 15 meet on the axis. 
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25. Given the focus of a conic inscribed in a triangle, find 
the points of contact. 

26. Prove that the line PR in Art. 8 is a tangent according 
to Euclid's definition. Also state Prop. ii. in a form which will 
still be applicable if PR be anj secant through P, 

27. Given the focus of a conic and a focal chord, the locus of 
the extremities of the latus rectum is a circle. 

28. Given a chord of a conic and the angle which it subtends 
at the focus, the focal distance of the intersection of the tangents) 
at its extremities passes through a fixed point. 

29. The portion of any tangent to a conic intercepted between 
the tangents at the ends of the parallel focal chord is divided by 
its point of contact into segments equal to the distance of that 
point from the focus, and subtends a light angle at the focus. 

30. If the tangent at any point of a conic meet the directrix 
in D and the latus rectum in L, then 

SL : SD=^SA : AX. 

31. If J/ be the projection upon the directrix of any point P 
on a conic, shew that SM meets the tangent at the vertex upon 
the bisector of the angle SPM, 

32. Two sides of a triangle being given in position, if the 
third subtends a constant angle at a fixed point determine its 
envelope. 

33. If ST be the focal perpendicular on the tangent at P, 
and X the foot of the directrix, then 

SY : YX=SA : AX. 

Determine the locus of Y, and shew that it is the envelope of the 
circle on SP as diameter. 

34. Shew also that XY meets the latus rectum at the foot of 
the perpendicular to it from P. 

35. If the diameter at a point P on a conic bisects the chord 
normal at §, the diameter at Q bisects the chord normal at P. 

36. The normal PG (Art. 11) becomes equal to the semi-latus 
rectum when P coalesces with the vertex. 

37. The perpendicular from G to aS'P varies as the ordinate of 
P ; and the line joining the foot of this pei*pendicular to the foot 
of the ordinate of P is parallel to SM, 
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38. If Q be any point on the normal at P, and if QL be 
a perpendicular to SPy and QM a perpendicular to the oidinate 
of F, then 

QL : PM^SA : AX. 

39. The perpendicular to any focal chord from the intersec- 
tion of the normals at its extremities meets the chord at a distance 
from one extremity equal to the focal distance of the other ; and 
the parallel to the axis from the intersection of the normals bisects 
the chord. 

40. If P be the intersection of the tangents at the extremities 
of any normal chord of a conic, and Q the point in which it meets 
the directrix, the circle SPQ passes through an extremity of the 
chord. 

41. A circle which touches a conic and has its centre upon 
the axis intercepts a constant length upon the focal radius to 
either point of contact. 

42. If QQ^ be the focal chord at right angles to the normal 
PG, then 

PG' = SQ.SQ'. 

43. Construct a conic of which an arc is given. 

44. The parallel diameters of any two similarly situated 
conies of the same eccentiicity bisect the same systems of parallel 
chords. If the conies be also concentric, the lengths which they 
intercept on any chord are equal two and two. 

45. The angle between any two chords of a conic is equal to 
the angle subtended at the focus by the length which the conjugate 
diametera intercept on the directrix. 

46. Any chord of a conic and the conjugate diameter meet 
the axis and the directrix respectively upon a line parallel to the 
focal distance of the pole of the chord (Art. 69). In a central 
conic the polar of any point meets the axis at a distance from 
the centre which varies inversely as the central abscissa of the 
point.* 

47. The triangle whose vertices are the focus of a conic and the 
two points in which any tangent thereto and the conjugate diame- 
ter meet the axis and the directrix respectively, has its orthocentre 
at the point in which the tangent meets the directrix. 

48. Any focal chord of a conic and its diameter meet the 
directrix at points whose ordinates contain a constant rectangle. 
Determine the locus of the middle point of a focal chord. 
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49. Any two tangents to a conic intercept upon a tangent 
drawn parallel to their chord of contact a length which is bisected 
at the curve. 

60. If two chords AB, CD of a conic (not being parallel to 
one another) make equal angles with the axis, then will ACy BD 
and likewise AD, BO make equal angles with the axis. 

51. If a chord of a conic subtends equal angles at the ex- 
tremities of another chord, it subtends equal angles at the ex- 
tremities of any chord parallel to the latter. 

52. If a circle be drawn touching a conic at F and cutting it 
at Q and jB, then will QR and the tangent at P be equally inclined 
to the axis. Shew how to draw a circle touching a conic at any 
given point (other than the vertex) and also cutting it at the 
same point. 



The Parabola. 

53. If the ordinates of a parabola be cut in a constant ratio 
the points of section will lie on a parabola. 

54. Circles whose radii are in arithmetical progression touch 
a given straight line on the same side at a given point. If to 
each circle a tangent parallel to the given line be drawn, it will 
cut the circle next larger in points lying on a parabola. 

55. Deduce from Art 19 that the middle points of all parallel 
chords in the parabola are at the same distance from the axis. 

56. If an equilateral triangle circumscribes a parabola, the 
focal radii to its vertices pass each through the opposite point of 
contact. 

57. A focal chord being drawn to meet the tangent at a con- 
stant angle, determine the locus of their intersection. 

58. The circle on a chord of a parabola as diameter does not 
meet the directrix unless the chord passes through the focus. 

59. In Art. 20 shew that l QOQ' = M7M\ In what case 
are these angles right angles ? 

60. The perpendicular to a chord of a parabola from its 
middle point F meets the axis at a distance equal to SX from the 
foot of the ordinate of V. 
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61. A point within a parabola is nearer to the focus than to 
the directrix. 

62. Shew that all parabolas are similar curves. 

63. Prove the following construction. Take any ordinate 
NP^ and draw PM parallel and equal to NA, Divide NP into 
any number of equal parts, and through the points of section 
draw parallels /?j, /?,, /^gv ^ *^® ^^^ Divide MP into the 
same number of equal parts in points 1, 2, 3,... Then the lines 
Piy Pay Psi"' ^^®®^ -ilj -^2, -43,... respectively on the parabola. 

64. The semi-latus rectum is a mean proportional between 
the principal ordinates of the ends of a focal chord. And if AM^ 
AM^ be the corresponding abscissse, then AM, AM' = AS^, 

65. In Art. 22 shew that 

QLI'=.iAS,PY. 

66. A circle can be described touching any two diameters of 
a pai*abola and the focal radii to their extremities. 

67. The locus of the centre F of a focal chord is another 
parabola. Prove this by shewing that if VL be the ordinate of F, 
then 

FZ« = 2.1aS^.^Z. 

68. A chord QQ \& cut in by a diameter which meets 
the curve in P, Shew that if i? be a point on the curve whose 
abscissa is PO, and PF, PV be the abscissae of (>, Q\ then 

Deduce that QY , Q'Y' is equal to OB?, and PY . PY' to PO*. 

69. Any triangle whose base is parallel to the axis of a para- 
bola has its remaining sides in the subduplicate ratio of the parallel 
focal chords. 

70. Shew how to place in a parabola a focal chord of given 
length. 

71. A parabola being given find its axis and focus. 

72. If PQ be a chord which subtends a right angle at A^ 
and AN^ AM be the principal abscissae of P, ©, then PQ passes 
through a fixed point, and 

AN .AM^PN ,PM^\^AS\ 

73. Given the directrix of a parabola and two points on the 
curve, two positions of the f jcus can be determined ; or given the 
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focus and two points, two positions of the directrix can be de- 
termined. 

74. If two parabolas have a common focus, their common 
chord passes through the intersection of their directrices and 
bisects the angle between them. 

76. If two parabolas have a common directrix, their common 
chord bisects the straight line joining their foci at right angles. 

76. The straight lines which join the ends of a focal chord 
to the vertex meet the directrix on the diameters through the 
ends of the chord. 

77. Find the locus of the centre of a circle which passes 
through a given point and touches a given straight line ; or which 
touches a given circle and a given straight line. 

78. Circles being described on the segments of a focal chord 
as diameters, the straight line joining their centres subtends 
right angles at the intersections of their common tangents. 

79. If a circle cuts a parabola in points 1, 2, 3 above the 
axis and in a point 4 below it, the difference of the ordinates of 
1, 3 is to the difference of their abscisssB as the sum of the 
ordinates of 2, 4 to the difference of their abscissae. Deduce that 
the ordinate of 4 is equal to the sum of the ordinates of 1, 2, 3. 

Examine the case in which 1, 2, 3 coalesce. 

80. If 1, 2 and 3, 4 lie on opposite sides of the axis the sum 
of the ordinates of 1, 2 is equal to the sum of the ordinates of 
3,4. 

81. If a leaf of a book be folded so that one comer moves 
along an opposite side the direction of the crease touches a 
parabola. 

82. If from any point 7^ on a fixed tangent a second tangent 
TF be drawn, the angle STF will be constant. 

83. PQE being a circumscribed triangle, the perpendiculars 
from F, Qy Bio SF, SQ, JSB cointersect. 

84. If the tangents at P, Q meet in T, and if (7 be the centre 
of the circle TFQ^ then GST is a right angle. 

85. Two parabolas which have a common focus and their 
axes in opposite directions intersect at right angles. 

86. The perpendicular drawn to a normal from the point in 
which it meets the axis envelopes an equal parabola. 
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87. The nomud at any pinnt is equal to twice the focal per- 
fiendicular upon the tangent, and is also a mean proportional 
between the focal distance of that point and the Litns rectum. 

88. The squares of the normals at the ends of a focal chord 
are together equal to the ijquare o( twice the normal perpendicular 
to the chord. 

89. The circle on a focal radius touches the tangent at A, 

90. The diameter through one end of a focal chord bisects 
the chord normal at the other. 

91. The locus of the foot of the focal perpendicular on the 
normal is a parabola. 

92. The tangent at any point meets the directrix and the 
latus rectum in points equidistant from the focus. 

93. A normal chord of a parabola produced to meet the 
directrix subtends a right angle at the pole of the chord. 

94. The normal at any point is equal to the ordinate which 
bisects the subnormal at that point. 

95. The tangents at right angles drawn to two parabolas 
which have a common focus and axis meet on a fixed straight 
line. 

96. If one triangle can be inscribed in a given circle so that 
its three sides touch a given parabola, any number of triangles 
can be so described. 

97. A triangle revolves about its vertex in one plane : prove 
that at any instant the directions of motion of all the points of its 
base are tangents to a parabola. 

98. Tangents being drawn to a parabola from any point T, 
the diameters through their points of contact meet any secant FQ 
which passes through T in M and iV : shew that 

TM' = TN' ■= TP . TQ. 

99. Given two chords of a parabola, find the direction of its 
axis, and shew that there are two solutions. 

100. If two tangents to a parabola be cut by any third, their 
alternate segments have the same ratio, and this ratio is constant 
when the two tangents are fixed. 

101. If a circle and a parabola touch and cut one another at 
the same point (Ex. 52), their common chord is equal to four 
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times their common tangent at that point, terminated hj the 
axis. 

102. A diameter meeting a chord and the tangent at an 
end of it is cut by the curve in the ratio in which it cuts 
the chord. 

103. Draw a chord which shall be cut in a given ratio by a 
given diameter. 

104. The intercepts on any diameter of a parabola between 
any two tangents and the ordinates of their points of contact 
to that diameter are equal ; and the triangle contained by 
the two tangents and the diamet^ is equal to half the trape- 
zium bounded by their chord of contact, the two ordinates and 
the diameter. 

105. Three tangents to a parabola form a triangle equal to 
half the triangle determined by their points of contact. 



Central Conies. 

106. In Art. 33 shew that Z^Ap and ZpA' are straight lines. 

107. The sides AD, DC of a rectangle ABCD are divided into 
the same number of equal parts, and straight lines are drawn from 
B, A respectively to the points of section. Shew that correspond- 
ing lines in the two series meet on an ellipse whose axes are equal 
to the sides of the rectangle. 

108. A parallelogram ABCD has its diagonal -4C at right 
angles to the side AB, If CD be divided into any number of 
equal parts and straight lines be drawn from A to the points of 
section, and if ^1(7 be divided into the same number of equal parts 
and straight lines be drawn from B to the points of section, then 
will corresponding lines in the two series meet on a hyperbola. 

109. Two ellipses whose major axes are equal have a common 
focus ; prove that they intersect in two points only. 

110. Given one focus of a central conic, a point on the curve, 
and the length of the axis ; find the locus of the further focus, and 
the locus of the centre. 

111. What is the locus of the centre of a circle which touches 
two fixed circles % 
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112. Given a oentni oonic, find its centre and locL 

113. A bifocm] conic being defined as tlie locos of a point 
the som or difference of wbose distancea from two fixed points is 
orastant^ prove tlie pro^perty of the directnces and the property of 
the principal codinate*. Also shew that the snm or difference of 
the focal distances of any pcant withoat the conic is greater than 
the azisy and conTetsdj. 

114. If i* be any point on a conic whose loci are S and S', 
the circles qd. SP, SP and the transverse axis as diameters have 
their ndicsl centre on the ordinate of P. 



115. The circle inscribed in the triangle SPS' toacbes SP in 
J/, and SS' in X. Prove that PJi = A'S, and AJf=SP. 

116. A diameter <^ an ellipse varies inversely as the perpen- 
dicular focal choid of the auxiliary circle. 

117. The ordinates to the axes at the points in which a 
comnKMi diameter meets the major and min<Nr aaxiliary circles of 
an ellipse intersect two and two on the ellipse. 

118. A point in a straight line which slides between two 
fixed straight lines at right angles traces an ellipsa 

119. A circle can be drawn through the foci and the inter- 
sections of any tangent with the tangents at the vertices. 

120. Any diameter is divided harmonically by a double 
ordinate and the point of concourse of the tangents at its ex- 
tremities. 

121. The exterior angle between any two tangents to an 
ellipse is an arithmetic mean to the angles which either tangent 
sabtends at the two focL 

122. Hie focal radii to the two ends of a diameter make 
equal angles with the tangents thereat^ 

123. The ordinate PX bisects the angle TXT' (Art 39), and 
the points TXCT' are concydic. 

124. Also ST^ : CB' = SP : 2CA i SP. 

125. Also, if CD be the radius conjugate to CP, 

SY:SP = CB:CD. 

* In the ellipse, if SP+S'P=2CA and CX be the abscissa, it may be 
shewn that 5/* --y/" is equal to 4C^\C\V,and SP-- S'P to 2e.CN (where 
e stands for the ratio CS : CA). It may also be shewn (Lemma D) that the 
ifom of(SP'tS'P)*and (5P -S'P)* is eqjoal to 4 (CS«+CN«+P2^*). 
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126. The normal at P is a harmonic mean to SY, S'T^ (Art 
39), and is bisected by S'Y and ^T'. 

1 27. Tangents being drawn from any point on a circle through 
the foci, shew that the bisectors of the angles between them pass 
through fixed points. 

128. If the tangent and normal meet either axis in T, G, then 

GG.CT=CS\ 

129. The bisectors of the angles between the tangents from 
any point are tangent and normal to the confocals through that 
point. 

1 30. The pole of the tangent at P with respect to the auxiliary 
circle lies on the ordinate of P, 

131. A circumscribing parallelogram which has two comers 
on the directrices has the other two on the auxiliary circle. 

132. If an ellipse inscribed in a triangle has one focus at the 
orthocentre, the other focus will be at the centre of the circum- 
scribed circle. 

133. If an ellipse slides between two straight lines at right 
angles the locus of its centre is a circle. 

134. Tangents at right angles intersect on a fixed circle, the 
square of whose radius is GA^ ± GB^, Explain the result when 
GA* — GB^ vanishes, or is negative. 

135. The straight line joining the foci subtends at the pole 
of a chord half the sum or difference of the angles which it sub- 
tends at the extremities of the chord. 

136. The portion of a normal chord intercepted between the 
directrices subtends at the pole of the chord half the sum of the 
angles which the straight line joining the foci subtends at the 
extremities of the chord (Ex. 40). 

137. If a chord be produced to meet the directrices, the parts 
produced will subtend equal angles at the pole of the chord. 

138. Every ellipse has one pair of equal conjugate diameters, 
and they coincide with the diagonals of the rectangle foi-med by 
the tangents at the extremities of the axes. Has the hyperbola 
any corresponding property % ^ 

139. If GP and GD be conjugate radii of an ellipse, 

{8P - GAY + {GA - SD)' = 0S\ 
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140. When is the sum or difference of conjugate diameters 
greatest, and when least ? 

141. The tangent from iV to the circle on XX' (Fig. Art 49) 
as diameter varies as the normal at F, and the tangent to the 
auxiliary circle varies as FNi 

142. If iVbe a point in A A' produced the circles descrihed 
about S, S' with radii AN, A'N meet on the hyperbola. What \& 
the corresponding construction for the ellipse % 

143. If PL, PL' be supplemental chords of an ellipse equally 
inclined to the tangent at P, then PL + PL' is equal to the dia- 
meter of the circle on which tangents at right angles intersect 
(Ex. 134). 

144. From a fixed point 0, OP is di-awn to a given circle. 
Find tlie envelope of a straight Hue through P inclined at a con- 
stant angle to OP. 

145. In a central conic a circle through P and either G or g 
cuts off from the focal distances lengths whose sum is constant. 

146. Given in an ellipse a focus and two points, the other 
focus describes a hyperbola. 

147. If P, Q be points on a central conic a confocal passes 
through the intersections of SP, S'Q and SQ, S'P. 

148. The tangents at these points and at P, Q cointersect. 

149. 1£PP, BU be conjugate diameters of a hyperbola and Q 
any point on the curve, shew that QP^ -H QF* exceeds QL^ -i- QU* 
by a constant quantity. 

150. Given two points of a parabola and the direction of its 
axis, the locus of the focus is a hyperbola. 

151. A chord which subtends a right angle at the vertex meets 
the axis in a fixed point. 

152. If a hyperbola touches the sides of a quadrilateral in- 
scribed in a circle and if one focus lies on the circle, the other lies 
on the circle. 

153. The triangle whose base is equal to the transverse axis, 
and its remaining sides to the focal distances of any external 
point, has its vertical angle equal to the angle between the tan- 
gents to the conic from that point and its remaining angles to the 
angles which either tangent subtends at the foci. 
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154. The projection of the normal at any point, terminated 
by the conjugate axis, upon either focal distance is equal to the 
iransTerse semi-axis. 

155. If ^Jf and A!M be taken on the axis equal to the focal 
distances of any point P on the ellipse, then 

Deduce the property of the principal ordinate. 

156. If two ellipses having equal axes be placed vertex to 
vertex, and one of them then roll upon the other, either of its foci 
will describe a circle about a focus of the latter. 

157. The common diameters of equal similar and concentric 
ellipses are at right angles. 

158. The diagonals of any parallelogram circumscribing a 
conic are conjugate diameters; and the sides of any inscribed 
parallelogram are parallel to conjugate diametei's. 

159. The sum or difference of the reciprocals of the squares 
of any two diameters at right angles is constant. 

1 60. Determine the positions of a chord of an ellipse which 
subtends right angles at both foci. 

161. The opposite sides of a quadrilateral described about an 
ellipse subtend supplementary angles at either focus. 

162. A circumscribed quadrilateral whose diagonals meet at 
•the centre of the conic must be a parallelogram. 

163. If Ff Q be points on a conic, CM and (7iV their abscissse, 
and T the point in which FQ meets the axis, then 

CT (FM- QN) =^FM.GN-QN. CM. 

164. If CF, CD and CF, CD' be conjugate radii, and if FN, 
DR be ordinates to CF\ then 

CN'±CIl^ = CF'; FN' ± DR" = CD" ; 

and FN : CR = DR : CN^CU : CF. 

165. The vertices of the conjugate parallelograms of an 
ellipse lie on a similar ellipse, and their polars envelope a similar 
ellipse. What are the corresponding properties of the k^^«xWi\sA 

T. G. "^ 
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166. The inscribed parallelogram whose diameters are at 

right angles envelopes a circle, the reciprocal of the square of 

1 1 

whose radius is equal to --rrjk * rn?' 

167. With the orthocentre of a triangle as centre two ellipses 
are described, the one touching its sides and the other passing 
through its vertices : prove that they are similar, and that their 
homologous axes are at right angles. 

168. If two ellipses having equal major axes be inscribed in 
a parallelogram, their foci determine an equiangular parallelo- 
gram. 

169. Every jjrcular arc which terminates at two given points 
is trisected by a pair of fixed hyperbolas, whose eccentricity is 
equal to 2. 

170. The circle to which any such arc belongs cuts either 
hyperbola at one of the given points, and at three other points 
which determine an equilateral triangle. 

171. The tangent at P meets two conjugate diameters in 
T, t ; and TS, tH meet in Q ; prove that the tiiangles 8PT, HFt, 
TQt are similar. 

172. The two points on a central conic at which any chord 
subtends the greatest and least angles are at the ends of a diame- 
ter equal to that which bisects the chord. 

173. The parallelograms whose diagonals are any two diame- 
ters and their conjugates respectively are equal. 

174. A circle being drawn through the foci of an ellipse, their 
common tangents touch the circle upon the tangent to the ellipse 
at one end^f its minor axis. 

175. The tangent to a conic at a given point meets gny two 
parallel tangents in points whose fogal distances meet on a fixed 
circle, having its centre on the normal at the given point. 



The Asymptotes. 

176. Given the asymptotes of a hyperbola and a point on the 
curve, determine the foci and directrices. 

177. At any point P of a hyperbola SP is equal to a line 
drawn parallel to an asymptote to meet the directrix. 
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178. Given a pair of conjugate diameters, two hyperbolas can 
be described : these have the same asymptotes, and every two 
diameters conjugate in the one are ^conjugate in the other* 

179. If two hyperbolas have the same asymptotes a chord of 
one touching the other is bisected at the point of contact. 

180. The straight lines joining the points in which two tan- 
gents meet the asymptotes are parallel. 

181. A hyperbola can be drawn through the ends of any two 
radii of an ellipse so as to have the conjugate diameters as 
asymptotes. 

182. Find the locus of a point which divides the part of any 
tangent between the asymptotes in a constant ratio. 

183. The asymptotes of a hyperbola may be regarded as tan- 
gents whose points of contact are at infinity. 

184. If the ordinate at P to either axis meets the nearer 
asymptote in E, the perpendicular through E to the asymptote 
passes through the point in which the normal at P meets that 
axis.. 

185. Any tangent and its normal meet ihe asymptotes and 
the axes respectively in four points concyclic with the centre. 

186. The intercept made by the directrices of a hyperbola on 
either asymptote is equal to the transverse axis. 

187. The point of contact of the tangent from the intersection 
of an asymptote with a directrix lies upon a focal radius parallel 
to that asymptote. 

188. The intercept on any tangent between the asymptotes 
subtends at the further focus an angle equal to half the angle 
between them : it also subtends a constant angle at the intersection 
of its normal with either axis. 

189. The chords of intersection of any circle with the asymp- 
totes are equally inclined to the axis. 

190. The products of the segments of any two intersecting 
chords of the asymptotes are as the parallel focal chords of the 
hyperbola. 

191. Any circle which touches both branches makes an inter- 
cept equal to the axis upon either asymptote. 

* Two hyperbolas thus related are sfldd to \^ ooti^Qj^g^KA. 
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192. The lines connecting the extremities of any pair of focal 
chords parallel to conjugate diameters meet on the asymptotes. 

193. The asymptotes and any two conjugate diameters divide 
any straight line harmonically. 

194. The lines joining a variable point on a hyperbola to two 
fixed points upon it intercept a constant length on either asymp- 
tote. 

195. The axes of the two parabolas which have a common 
focus and pass through two given points are parallel to the asymp- 
totes of the hyperbola which passes through their focus and has 
the given points for focL 

196. If the abscisses on either asymptote of any number of 
points on a hyperbola are in arithmetical progression, their ordi- 
nates are in harmonical progi'ession. 

197. The area of the hyperbolic sector determined by any 
two radii CPy CQ is equal to the area cut off from the space 
between the asymptotes by the parallels from P and D to either 
asymptote. 

198. The line joining a pair of adjacent extremities of any 
two conjugate diameters is parallel to one asymptote and is bisected 
by the other. 

199. Determine the locus of the centroid of the triangle 
formed by the asymptotes and any tangent. 

200. Supposing the axes of a hyperbola to vanish whilst its 
eccentricity remains unaltered, determine the limiting form of the 
curve. 



The Equilateral Hyperbola. 

201. The nine-point circle of any inscribed triangle passes 
through the centre of the curve. 

202. Tangents to a parabola which include the supplement of 
half a right angle intersect on a rectangular hyperbola. 

203. Every right-angled triangle inscribed in an equilateral 
hyperbola has its hypotenuse parallel to the normal at the opposite 
angle : hence shew how to draw the tangent at any given point on 
the curve. 
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204. The base of a triangle and the sum or difference of its 
base-angles being given,, the locus of its vertex is an equilateral 
oonic. 

205. The locus of the middle point of a straight line which 
cuts off a constant area from a comer of a square is an arc of 
a rectangular hyperbola. 

206. The bisectors of the angles between supplemental chords 
of an equilateral hyperbola are parallel to the asymptotes. 

207. Diameters at right angles bisect chords at right angles ; 
and any chord subtends equal or supplementary angles at the ends 
of a perpendicular chord. 

208. If on an arc AB of & circle whose centre is there be 
taken points P, Q such that arc AF = 2 arc BQ, then a rectangular 
hyperbola described on ^10 as diameter so as to pass through the 
intersection of OB with the tangent to the circle at A will also 
pass through the intersection of AF, OQ. 

209. Shew also that the hyperbola and the completed circle 
intersect in three points (other than A) which determine an equi- 
lateral triangle; and deduce that the problem to trisect a given 
cmgle admits of three solutions. 

210. If two concentric rectangular hyperbolas be such that 
the axes of one are the asymptotes of the other, they will intersect 
at right angles. 

211. A circle through the centre and two points of a rect- 
angular hyperbola passes also through the intersection of the lines 
drawn from each of the two points parallel to the polar of the 
other. 

212. CY being drawn perpendicular to the tangent at P, the 
triangles PC A, CA Y are similar. 

213. If CP, CD be conjugate radii of a rectangular hyperbola, 
then will B be the reflexion of P with respect to one of the 
asymptotes. 

« 214. Ellipses being inscribed in a parallelogram, their foci lie 
on a rectangular hyperbola. 

215. A conic through the four common points of two rect- 
angular hyperbolas is itself a rectangular hyperbola. 

216. A conic through the centres of the four circles which 
touch the sides of a tnans;le is a rectangular hyperbola, and its 
centre is on the circumscribing circle. 
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217. On opposite sides of a chord of a rectangular hyperbola 
equal segments of circles are described. Shew that the four points 
in which the circles meet the curve again are the vertices of a 
parallelogram. 

218. The tangents to a rectangular hyperbola at the vertices 
of an inscribed triangle meet two and two on the lines joining ihe 
feet of the perpendiculars of the tiiangla 

219. If each vertex of a triangle be the pole of the opposite 
side with respect to an equilateral hyperbola, the circumscribing 
circle will pass through the centre of the hyperbola. 

220. A circle and an equilateral hyperbola intersect in four 
points : if one of their common chords is a diameter of the hyper- 
bola, the other is a diameter of the circle. 

221. The circles described upon the six common chords of 
any two equilateral hyperbolas as diameters cut one another 
orthogonally in opposite pairs. 

222. Of two chords at right angles or conjugate in direction 
one and one only is a chord of a single branch. 

223. If two focal chords be conjugate in direction, the lines 
joining their extremities pass through fixed points on the asymp- 
totes. 

224. Any two conjugate semi-diameters contain equal and 
similar triangles with the ordinates and abscissae of their extremi- 
ties to any other diameter. 

225. The opposite arcs cut off by any two diameters subtend 
equal angles at any point on the curve. 



The Cone. 

226. In Art. 59 shew that AS= A!H, and BH^ OA ± 0A\ 

227. A conic section may be regarded as the locus of a point 
the sum or difference of whose distances from a point in its plane 
and a point without it is constant. 

228. Express the eccentricity of a section of a cone in terms 
of the angles which the axis of the cone makes with its sides and 
with the axis of the section. 

229. The sections by identical planes of the cones touching 
two given spheres have their eccentricities in a constant ratio. 
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230. The sphere having for diameter the line joining the 
centres of the focal spheres of a section contains its auxiliary circle. 

231. At any point of a section the tangent makes equal 
angles with the focal distances and the side of the cone. 

232. If T be any point on the tangent at P to a section, the 
two tangents to it from T are inclined at the same angle as the 
tangents TQ, TR (Art 59) to the spheres. 

233. The conjugate axis of a section Ls a mean proportional 
to the diameters of its focal spheres. 

234. The perpendiculars upon any tangent to a section from 
the centres of its focal spheres are at right angles to one another. 

235. The latus rectum of any section whose plane touches 
a sphere about the vertex of the cone as centre is equal to the 
diameter of the circular sections whose planes touch the sphere. 

236. The asymptotes of a hyperbolic section are parallel to 
the sides of the cone which lie on the parallel plane through its 
vertex. 

237. Shew how to cut a section of maximum eccentricity 
from a given cone. 

238. A conic section may be regarded as the locus of a point 
the sum or difference of the tangents from which to two nxed 
circles is constant. 



Miscellaneous. 

239. The lines joining the extremities of any two focal chords 
of a conic intersect on the directrix, and the focal distances of 
their intersections are at right angles. 

240. If FQ be a chord of a conic, and if the parallel focal 
chord F meet the tangent at P in jT, then 

FQ.ST=^F.SF. 

241. Prove that the perpendiculars from any point on a circle 
to a fixed chord and to the tangents at its extremities are con- 
tinued proportionals. What is the corresponding property of the 
ellipse ) 

242. The focal distances of g (Art 42) meet the directrices 
upon the parallel to the axis through P. 
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243. One triangle being inscribed and another circumscribed 
to a parabola, if their sides be parallel each to each they will be 
in the ratio of four to one. 

244. The area of a parabolic segment is to a triangle of the 
same base and altitude as four to three. 

245. Given an ellipse, draw a pair of conjugate diameters 
inclined at a given angle ; and determine the axes and foci. 

246. A variable tangent to one conic which cuts off a 
constant area from another is bisected hj the former. 

247. If TP, TQ be tangents to an ellipse and CF, CQ the 
parallel radii, shew that the triangles TFQ and CFQ^ are together 
equal to the trapezium CPTQy and likewise to the triangle whose 
sides are equal to JST, HT, AA' (Ex. 153). 

248. Prove also that 

TF. TQ-^CF . CQ' = TS. Tff. 

249. Every central conic through four points has a pair of 
conjugate diameters parallel to the axes of the two parabolas 
through the same four points (Ex. 99). 

250. No two conies can meet one aaother in more than four 
points. 



THE END. 
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6th Edition. 8vo. 168. 
Problems and Examples, adapted to the * Elementary Course^f 
Mathematics.' 8rd Edition. 8vo. 58. 

Solutions of Goodwin's Collection of Problems and Examples. 
By W. W. Hutt, M.A. 3rd Edition, revised and enlarged. 8vo. 98. 

Pure Mathematics, Elementary Examples in. By J. Taylor. 8yo. 

78. 6d. 
Euclid, Mechanical. BythelateW.'Whewell,D.D. 5th Edition. 68, 
Mechanics of Construction. With numerous Examples. By 

S. Fenwick, F.B.A.S. 8vo. 128. 
Anti-Logaxithms, Table of. By H. E. FilipowsM. 3rd Edition. 
8vo. 158. 

Mathematical and other Writings of B. L. Ellis, M.A. 8vo. 16«. 

Pure and Applied Calculation, Notes on the Principles of. By 
Bev. J. Ohallis, M.A Demy 8vo. 158. 

Physics, The Mathematical Principle of. By Bev. J. Challis, M«A. 
Demy 8vo. 5«. 
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HISTORY, TOPOGRAPHY, &c. 

Borne and the Campogna. By B. Bom. MLA. Wifih 85 En- 
pnTinea and 26 Mmpe and Plans. With Appendix. 4to. 3L 3c. 

Modem Snrope. By Dr. T. H. Dyer. 2nd Edition revised and 
etmtinaed. 5 roll. Demy Sro. 2L lik 6d. 

The imstorj of the Kinga of Borne. By Dr. T. H. Dyer. 8yo. 

A Hea for IAyj. By Dr. T. H. Dyer. Bvo. 1#. 

Boma Begalia. By Dr. T. H. Dyer. 8yo. 2s. 6d. 

The History of Pompeii: its Bnildinfrs and Antiqnities. By 
T. H. Djer. 3rd Edition, brought down to 1374. Post 8vo. 7«. 6(i. 

Ancient Athens: its Historr, Topography, and Bemains. By 
T. H. Djer. Siqwr-royal 8vo. Cloth. U. 5*. * 

The Decline of the Boman BepnhUc By G. Long. 5 vols. 
8to. 14«. each. 

A History of England during the Early and ICddle Ages. By 

C. H. Pearson, M.A. 2nd Edition reyised and enlarged. 8to. YoL I. 
16s. YoL II. 14«. 

mstorical Maps of England. By C. H. Pearson. Folio. 2nd 

Edition rerised. 31s. 6d. 

History of Fingland. 1800-15. By Harriet Martinean, with new 
and oopions Index. 1 toL 3<. 6d. 

mstory of the Thhrty Years' Peace, 1815-46. By Harriet Mar- 
tinean. 4 vols. 3«. 6d. each. 

A Practical Synopsis of English Hjstory. By A. Bowes. 4th 

Edition. 8vo. 2f. 

Student's Text-Book of EngTish and (General History. By 

D. Beale. Crown 8ro. 28. 6d. 

Lives of the Qoeens of England. By A. Strickland. Library 
Edition, 8 toIb. 7a. 6d. each. Cheaper EdiUon, 6 vols. 5«. each. Abridged 
Edition, 1 vol. 6». 6d. 

Eginhard's Life of Earl the Great (Charlemagne). Translated 

with Sfotes, by W. Glaister, M.A., B.C.L. Crown 8vo. 40. 6d. 

Outlines of Indian History. By A. W. Hughes. Small post 
8vo. 38. 6d. 

The Elements of General History. By Prol Tytler. New 
Edition, brought down to 1874. Small post 8vo. 8. 6d. 

ATLASES. 

An AUas of Classical Geography. 24 Maps. By W. Hughes 
and G. Long, M.A. New Edition. Imperial 8vo. 128. 6d. 

A Grammar-School Atlas of Classical Geography. Ten Maps 
selected from the above. "Sew Edition. Imperial 8vo. 58. 

First Classical Maps. By the Bev. J. Tate, M.A. 3rd £diti<m. 
Imperial 8vo. 78. 6d. 

Standard Library AUas of Classical Geography. Imp. 8to. 
78. 6d. 
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PHILOLOGY. 

WEBSTER'S DICTIONARY OF THE ENGLISH IiAN- 
GUAGB. Ee-edited by N. Porter and C. A. Goodrich. With Dr. Mabn's 
Etymolo^. 1 vol. 2l8. With Appendices and 70 additional pages of 
Illnstrations, Sis. 6d. 

' The best practical English Dictionary extant.' — Qiuarterly Bevimo. 
Prospectuses, with specimen pages, post free on application. 

New Dictionary of the English Language. Combining Explan- 
ation with Etymology, and copiously illustrated by Quotations from the 
best Authorities. By Dr. Richardson. New Edition, with a Supplement. 
2 Yols. 4to. 41. 148. 6a.; half russia, 51. 158. 6d.; mssia, 61. 12s. Supplement 
separately. 4to. 12s. 

AnSyo. Edit, without the Quotations, 158.; half mssia, 208.; russia, 246. 

The Elements of the English Language. By E. Adams, Ph.D. 
15th Edition. Post 8yo. 48. 6d. 

Philological Essays. By T. H. Key, M.A., F.R.S. 8vo. 10«. 6d. 

Language, its Origin and Development. By T. H. Key, M.A., 
F.B.S. 8vo. 148. 

Synonyms and Antonyms of the English Language. By Arch- 
deacon Smith. 2nd Edition. Post Svo. 5s. 

Synonyms Discriminated. By Archdeacon Smith. DemySvo. 16s. 

Etymological Glossary of nearly 2500 English Words in 
Common Use derived from the Greek. By the Rev. E. J. Boyce. Fcap. 
8vo. 3s. 6d. 

A Syriac Grammar. By G. Phillips, D.D. 3rd Edition, enlarged. 
8vo. 78. 6d. 

A Grammar of the Arabic Language. By Bev. W. J. Beau- 
mont, M.A. 12mo. 78. 

Who Wrote It ? A Dictionary of Common Poetical Quotations. 
Fcap. 8vo. 28. 6d. 



DIVINITY, MORAL PHILOSOPHY, &c. 

Novum Testamentum Greecum, Teztus Stephanici, 1550. By 
F. H. Scriyener, A.M., LL.D. New Edition. 16mo. 48. 6d. Also on 
Writing Paper, with Wide Margin. Half-bound. 128. 

By the same Author. 

Codex Bezse Cantabrigiensis. 4to. 26«. 

A Full Collation of the Codex Sinaiticus with the Received Text 
of the New Testament, with Critical Introduction. 2nd Edition, revised. 
Fcap. 8yo. Ss. 

A Plain Introduction to the Criticism of the New Testament. 

With Forty Facsimiles from Andent Manuscripts. 2nd Edition. Svo. 168. 

Six Lectures on the Text of the New Testament. For English 
Readers. Crown 8vo. 6s. 



The New Testament for English Headers. By the late H. Alford, 

D.D. Vol. I. Part I. 3rd Edit. 128. Vol. I. Part H. 2nd Edit. lOs. 6d. 
Vol. II. Part I. 2nd Edit. 16s. Vol. U. Part H. 2nd Edit. 168. 

The Greek Testament. By the late H. Alford, D.D. Vol. I. 6th 
Edit. 11. 8s. Vol. II. 6th Edit. 11. 48. VoL III. 5th Edit. ISs. Vol. IV. 
Part I. 4th Edit. 188. Vol. IV. Part H. 4th Edit. 14s. Vol. IV. 11. 128. 
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Companion to the Greek Testament. By A. C. Barrett, M.A. 

3rd Bdition. Foap. Sro. S$. 

Liber Apologetious. The Apology of Tertnllian, with English 
Notes, by H. A. Woodham, LL.D. 2nd Edition. 8yo. 8a. 6d. 

The Book of Psalms. A New Translation, with Introductions, (feo. 
B7 Verv Bey. J. J. Stewart Ferowne, D.D. Svo. Vol. I. 4th Bdition, ISs. 
Vol. II. 4tli Edit. 16s. 

Abridged for Schools. 2nd Edition. Grown Svo. 10«. 6(2. 

History of the Articles of Beligion. By C. H. Hardwiok. 8rd 
Edition. Post Sro. &. 

Pearson on the Creed. Carefully printed from an early edition. 
With AnalysiB and Index by E. Walford, M.A. Post 8to. Ss. 

Dootrinal System of St John as Evidence of the Date of his 

Ck)Bpel. By Bev. J. J. Lias, M.A. Grown Svo. Ss, 

An Historical and Explanatory Treatise on the Book of 
Common Prayer. By Bev. W. G. Humphry, B.D. 5th Edition, enlarged. 
Small post Svo. U.6d. 

The New Table of Lessons Explained. By Bey. W. G. Humphry, 
B.D. Fcap. U 6d. 

A Commentary on the Gospels for the Sundays and other Holy 
Days of the Christian Year. By B«v. W. Denton, A.M. New Edition. 
8 vols. Svo. 54m, Sold separately. 

Commentary on the Epistles for the Smidays and other Holy 
Days of the Christian Year. By Bev. W. Denton, A.M. 2 vols. 36s. Sold 
separately. 

Commentary on the Acts. By Bey. W. Denton, A.M. Vol. I. 

Svo. 18«. VoLII. 148. 

Notes on the Catechism. By Bey. A. Barry, D.D. 5th Edit. 

Fcap. 2t. 

Catechetical Hints and Helps. By Bey. E. J. Boyce, M.A. 3rd 

Edition, revised. Fcap. &. 6d. 

Examination Papers on BeUgious Instruction. By Bey. E. J. 
Boyce. Sewed. 1», 6d. 

Church Teaching for the Church's Children. An Exposition 
of th& Catechism. By the Bev. F. W. Harper. Sq. foap. 2a, 

The Winton Church Catechist. Questions and Answers on the 
Teaching of the Church Catechism. By the late Bev. J. S. B. MonseU, 
LL.D. Srd Edition. Cloth, 3s.; or in Four Parts, sewed. 

The Church Teacher's Manual of Christian Instmotion. By 

Bev. M. F. Sadler. 16th Thousand. 2a, 6d. 

Short Explanation of the EpisUes and Gospels of the Chris- 
tian Year, with Questions. Boyal S2mo. 2a, 6d.; calf, 4a. 6d, > 

Butler's Analogy of Religion ; with Introduction .and Index by 
Bev. Dr. Steere. New Edition. Fcap. 3a. 6d. 

Three Sermons on Human Nature, and Dissertation on 

Virtue. By W. Whewell, D.D. 4th Edition. Fcap. Svo. 2«. 6d. 

Lectures on the History of Moral Philosophy in England. By 
W. Whewell, D.D. Crown Svo. S«. 

Elements of Morality, including Polity. By W. Whewell, D.D. 

New Edition, in Svo. 158, 

Astronomy and General Physics (Bridgewater Treatise). New 
Edition. Sa. 
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Kent's Commentary on International Law. By J. T. Abdy, 
LL.D. New and Olieap Edition. Grown 8yo. lOi. 6d. 

A Manual of the Roman Civil Law. By G. Leapingwell, LL.D. 

8vo. 12«. 



FOREIGN CLASSICS. 

A series for use in Schools, with English Notes, grammatical and 
explanatory, and renderings of difficult idiomatic expressions. 

Fcap. Qvo, 

Sohiller's Wallenstein. By Dr. A. Buchheim. New Edit. 6a. 6^. 
Or the La^er and Picoolomini, Ba. 6d. Wallenstein's Tod, 3$. 6d. 

Maid of Orleans. By Dr. W. Wagner. 3«. 6d. 

Mari£v Stuart. By V. Kastner. Bs, 

Goethe's Hermann and Dorothea. By E. Bell, M.A., and 

B. Wolfel. &. 6d. 

German Ballads, from Uhland, Goethe, and Schiller. By G. L. 
Bielefeld. Ss. 6d. 

Charles XII., par Voltaire. By L. Direy. 3rd Edition. 38. 6^. 

Aventures de T616maque, par F^n^lon. By G. J. Delille. 2nd 
Edition. 48. 6d. 

Select Fables of La Fontaine. By F. E. A. Gasc. New Edition. 3«. 
Piooiola, by X. B. Saintine. By Dr. Dubuc. 4th Edition. Bs, 6<i. 



FRENCH CLASS-BOOKS. 

Twenty Lessons in French. With Vocabulary, giving the Pro- 
nunciation. By W. Brebner. Post Svo. 48. 

French Grammar for Public Schools. By Rev. A. C. Clapin, M.A. 
Fcap. 8vo. 6tli Edit. 28. 6d. Separately, Part I. 28. ; Part II. l8. 6d. 

French Primer. By Rev. A. C. Clapin, M.A. 3rd Edition. Fcap. 

8vo. l8. 

Primer of French Philology. By Rev. A. G. Clapin. Fcap. Svo. Is, 

Le Nouveau Tresor; or, French Student's Companion. By 
M. E. S. leth Edition. Fcap. 8yo. Ss. 6d. 

F. E. A. GASC'S FRENCH COURSE. 

First French Book. Fca^) Svo. New Edition. Is, 6d. 
Second French Book. New Edition. Fcap. Svo. 2s, %d. 
Key to First and Second French Books. Fcap. Svo. Bs, Qd. 
French Fables for Beginners, in Prose, with Index. New Edition. 

12mo. 28. 

Select Fables of La Fontaine. New Edition. Feap. Svo. Bs, 
Histoires Amusantes et Instructives. With Notes. New Edition.. 

Fcap. Svo. 28. 6d. 
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Practical Guide to Modem French Conversation. Fcap. 8yo. 

28. 6d. 

French Poetry for the Young. With Notes. Fcap. 8yo. 2«. 

Materials for French Prose Composition; or, Selections from 
the best English Prose Writers. Now Edition. Fcap. Svo. 4ta. 6d. Key, 68. 

Prosateurs Contemporains. With Notes. 8to. New Edition, 

revised. 5s. 
Le Petit Compagnon ; a French Talk-Book for Little Children. 

16mo. 28. 6d. 

An Improved Modem Pocket Dictionary of the French and 

English Languages. 25th Thousand, with additions. 16mo. Cloth. 4s. 
Also in 2 vols., in neat leatherette, 5s. 

Modem French-English and English-French Dictianary. 2nd 

Edition, revised. In 1 voL 12s. 6d. (formerly 2 vols. 258.) 

GOMBERT'S FRENCH DRAMA. 

Being a Selection of the best Tragedies and Comedies of Molidre, 
Racine, Gomeille, and Voltaire. With Aratunents and Notes by A. 
Gombert. New Edition, revised by F. E. A. Gasc. Foap. Svo. Is. each; 

««^«^» ^- COlTTBlfTS. 

MoLiERE : — Le Misanthrope. L'Avaro. Le Bom^^is Gentilhomme. Le 
Tartuffe. Le Malade Imaginaire. Les Femmes Savantes. Los Fourberies 
de Scapin. Les Pr^eoses Ridicules. L'Ecole des Femmes. L'Ecole des 
Maris. Le MMecin maJgr6 Lui. 

Racinb :— Ph^dre. Esther. Athalie. Iphig^nie. Les Plaidenrs. 
Th^balde ; or, Les Frdres Ennemis. Andromaque. Britannicaa. 

P. GoRKSiLLS :~Le Cid. Horace. Ginna. Polyeucte. 

VOLTAIRB : — ^Zaire. 



GERMAN CLASS-BOOKS. 

Materials for Oerman Prose Composition. By Dr Buchheim. 
5th Edition, revised, with an Index. Foap. 48. 6cl. 

A German Grammar for Public Schools. By the Rev. A. C. 

Glapinand F. Holl MtOler. Fcap. 2s. 6d. 

Kotzebue's Der Gefangene. With Notes by Dr. W. Stromberg. Is, 



ENGLISH CLASS-BOOKS. 

The Elements of the English Language. By E. Adams, Ph.D. 
15th Edition. Post Svo. 4s. 6d. 

The Budiments of English Grammar and Analysis. By 

E. Adams, Ph.D. New Edition. Fcap. Svo. 28. 

Bx C. P. Mason, B.A. London Univbbsitt. 

First Notions of Grammar for Toung Learners. Fcap. 8yo. 

Gloth. Sd. 

First Steps in English Grammar for Junior Classes. Demy 

ISmo. New Edition. Is. 

Outlines of English Grammar for the use of Junior Classes. 
Cloth. 5tb Edition. Is. Cd. 



Educational Works, 16 



English Grammar, inclnding the Principles of Grammatical 
Analysis. 22nd Edition. Post 8vo. 3s. 6d. 

Shorter English Grammar, with copious carefully graduated 
Exercises. Crown 8vo. Ss. 6d. [Jiwt pitblwhed. 

English Grammar Practice, being the Exercises from the above, 

in a separate volume. Is. [Just published. 

The Analysis of Sentences applied to Latin. Post 8yo. Is, 6d, 
Analytical Latin Exercises : Accidence and Simple Sentences, &c. 

Post 8vo. 3s. 6d. 

Edited for Middle-Class Examinations, 
With Notes on the Analysis and Parsing, and Explanatory Remarks. 

Milton's Paradise Lost, Book I. With Life. 3rd Edit. Post 8vo. 
2s. 

Book II. With Life. 2nd Edit. Post 8vo. 2s. 

Book III. With Life. Post Bvo. 2s. 



Goldsmith's Deserted Village. With Life. Post Bvo. Is. 6d. 

Cowper's Task, Book n. With Life. Post 8vo. 2s, 

Thomson's Spring. With Life. Post 8vo. 2s. 
Winter. With Life. Post 8vo. 2s, 

Practical Hints on Teaching. By Bev. J. Menet, M.A. 4th Edit. 

Crown Bvo. cloth, 28. 6d. ; paper, 2s. 

Test Lessons in Dictation. Paper cover, Is. 6d, 

Questions for Examinations in English Literature. By Bev. 

W. W. Skeat. 2s. 6d. 

Drawing Copies. By P. H. Delamotte. Oblong 8vo. 12s. Sold 
also in parts at Is. each. 

Poetry for the School-room. New Edition. Fcap. 8vo. Is. 64. 

Select Parables f^om Nature, for Use in Schools. By Mrs. A. 
Gatty. Fcap. 8vo. Cloth. Is. 

School Becord for Young Ladies' Schools. 6(2. 

Geographical Text-Book ; a Practical Geography. By M. E. 8. 
12mo. 2s. 

The Blank Maps done up separately, 4to. 2s. coloured. 

A First Book of Geography. By Rev. C. A. Johns, B.A., F.L.S. 

&c. Illustrated. 12mo. 2s. 6d. 

Loudon's (Mrs.) Entertaining Naturalist. New Edition. Bevised 
by W. S. Dallas, F.L.S. 5s. 

Handbook of Botany. New Edition, greatly enlarged by 

D. Wooster. Fcap. 28. 6d. 

The Botanist's Pocket-Book. With a copious Index. By W. E. 
Hayward. 2nd Edit, revised. Crown 8vo. Cloth limp. 48. 6d. 

Experimental Chemistry, founded on the Work of Dr. Stockhardt. 
By C. W. Heaton. Post 8vo. 58. 

Double Entry Elucidated. By B. W. Foster. 7thE.^\. <kVi. 

8s 6d. 
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A New Manual of Book-keeping. Bj P. Crellin, Accountant. 

drown 8to. St. Qd. 

Picture Scliool-Books. In Simple Language, with numerous 
IlliiBtrations. Royal 16mo. 

School Primer. 6d.— School Reader. By J. Tilleard. 1».— Poetry Book 
for Schools. Is. — The Life of Joseph. 1«. — The Scriptnre Parables. By the 
Rer. J. E. Olarke. 1«. — The Scripnire Miracles. By the Rev. J. E. Clarke. 
1«.— The New Testament History. By the Rer. J. G. Wood, M.A. 1«.— The 
Old Testament History. By the Rer. J. G. Wood, M.A. 1«.— The Story of 
Bnnyan's Pilgrim's Frofrress. Is. — The Life of Christopher Golnmbns. By 
Sarah Crompton. Is. — ^The Life of Martin Luther. By Sarah Crompton. Is. 



BOOKS FOR YOUNG READERS. 

In 8 Tols. Limp cloth, 6(2. each. 

The New-bom Lamb ; Rosewood Box ; Poor Fan ; Wise Dog ^The Cat 

and the Hen ; Sam and Ms Do«r Red-leg ; Bob and Tom Lee ; A Wreck The 

Three Monkeys Story of a Oat, told by Herself The Blind Boy ; The Mute 

Girl; A New Tale of Babes in a Wood The Deyandthe Knight ; The New 

Bank-note ; The Royal Visit ; A King's Walk on a Winter's Day Queen Bee 

and Busy Bee Gull's Crag, a Story of the Sea. 



BELL'S READING-BOOKS. 

FOR SCHOOLS AND PAROCHIAL LIBRARIES. 

The popularity which the 'Books for Young Readers' hare attained ii 
a sufficient proof that teachers and pupils alike approre of the use of inter- 
esting stories, with a simple plot in place of the dry combination of letters and 
syllables, making no impression on the mind, of which elementary reading- 
books generally consist. 

The Publishers have therefore thought it advisable to extend the application 
of this principle to books adapted for more advanced r»etders. 

Now Beady, Post 8ro. Strongly hound, 

Mastermaji Beady. By Captain Marryat, B.N. Is. M. 

The Settlers in Canada. By Captain Marryat. B.N. Is. M. 

Parables from Natiure. (Selected.) By Mrs. Gatty. Is. 

Friends in Fur and Featiiers. By Gwynfryn. Is. 

Bobinson Crusoe. Is. 6(2. 

Andersen's Danish Tales. (Selected.) By E. Bell, M.A. Is. 

Southey's Life of Nelson. (Abridged.) Is. 

Grimm's German Tales. (Selected.) By E. Bell, M.A. Is. 

Life of the Duke of Wellington, with Maps and Plans. Is. 

Others in Preparation. 



London : Printed by John Stuangbwats, Castle St. Leicester Sq. 
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